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TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS FOR
C° INTERIOR PENALTY METHODS

SUSANNE C. BRENNER AND KENING WANG

ABSTRACT. We study two-level additive Schwarz preconditioners that can be used in the
iterative solution of the discrete problems resulting from C© interior penalty methods for
fourth order elliptic boundary value problems. We show that the condition number of the
preconditioned system is bounded by C(1+ (H?3/§%)), where H is the typical diameter of a
subdomain, § measures the overlap among the subdomains and the positive constant C' is
independent of the mesh sizes and the number of subdomains.

1. INTRODUCTION

C? interior penalty methods for fourth order elliptic boundary value problems have recently
been analyzed in [19, 12]. The idea behind this approach can be explained in terms of the
following model problem:

Find u € HZ(Q) such that

*v _ 2
(1.1) Z/@xﬁx] axzaxjdx /fvdx Vv e H2(Q),

where ) is a bounded polygonal domain in R? and f € Ly().

Let 7; be a (simplicial or convex quadrilateral) triangulation of Q and V;, C H}(Q) be a
Lagrange (triangular or tensor product) finite element space associated with 7. By a careful
integration by parts argument [12], it can be shown that the solution u of (1.1), which by
elliptic regularity [24, 15, 26, 3] belongs to H*T*(Q) for some o > 1/2 , satisfies

(1.2) Ap(u,v) = / fvdx Vv eV,
Q
where
(1.3) Ap(w,v) = ap(w, U) + bh(w v) + nch(w,v),
(1.4) (w,v) / dz,
[;h 2; O0x;0z; axzax]
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(1.6) e(w, v) = eeg d/ﬂ ﬂu ﬂds.

En in (1.5) and (1.6) is the set of all the edges of 7, and 7 in (1.3) is a penalty parameter.
The jumps [-] and averages {-}} in (1.5) and (1.6) are defined as follows.

Let e be an interior edge of 7, and n. be a unit normal vector of e. Then e is shared
by two elements D, and D_ in 7;, where the normal vector n. points from D_ to D,. We
define on e, for any function v that is piecewise H® with respect to the triangulation 7, for

5
some s > 3,

vl vy v vl 1[0Pvy 9P
(1.7) H%ﬂ = On. om0 {{W}} =3 o2 " on2

where vy = v p,- Note that [Ov/dn] and {0*v/On?}} are independent of the choice of n..

For an edge e that is a subset of 02, we take n. to be the outward pointing unit normal
vector and define

ov ov 0%v 0%
(18) ﬂa—nﬂ—‘ane and {{%}}—a—nz

In the C? interior penalty approach, the discrete problem for (1.1) is
Find u; € V), such that

(1.9) Ap(up,v /fvdx Vv eV,

In view of (1.2), the C? interior penalty method defined by (1.9) is consistent and, for a
sufficiently large n, it is also stable. Therefore the discretization error u — uy, is quasi-optimal
with respect to appropriate norms [19, 12].

The C° interior approach has certain advantages: (i) The simplest C° interior penalty
methods for (1.1), i.e., those based on the P, Lagrange triangular element or the (), Lagrange
tensor product element, are as simple as classical nonconforming finite elements. (ii) Unlike
nonconforming finite elements, the C? interior penalty methods come in arbitrary orders. For
smooth solutions, the higher order C? interior penalty methods have the same convergence
rate as higher order C! finite elements for smooth solutions and at the same time are much
simpler. (iii) Because the finite element spaces in the C° interior penalty approach are
the standard spaces for second order problems, Poisson solves can be used naturally as
preconditioners [13] in iterative methods for (1.9). (iv) Unlike mixed methods, this approach
can be extended in a straight-forward way to more complicated fourth order problems, such
as the fourth order elliptic systems that appear in strain-gradient elasticity and plasticity
theory [22, 29].

Multigrid methods for (1.9) have been analyzed in [13]|. In this paper we construct two-
level additive Schwarz preconditioners [16, 17, 27] for the discrete problem (1.9). We show
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that the classical results for this overlapping domain decomposition method can be extended

o (1.9). More precisely, we prove that the condition number of the preconditioned system
is bounded by C'(1+ (H?3/§%)), where H is the typical diameter of a subdomain, § measures
the overlap among the subdomains and the positive constant C' is independent of the mesh
sizes and the number of subdomains.

The rest of the paper is organized as follows. We recall two-level additive Schwarz pre-
conditioners in Section 2. Then we define the coarse spaces and derive some preliminary
estimates in Section 3. Condition number estimates are established in Sections 4 and 5,
followed by numerical results in Section 6. We conclude the paper with some remarks in
Section 7.

We note in passing that domain decomposition methods for discontinuous Galerkin meth-
ods for second order problems were studied in [20, 25], and two-level additive Schwarz pre-
conditioners for the discontinuous interior penalty method [4] for fourth order problems was
investigated in [21].

2. TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS

We will use quadrilateral meshes in this paper in view of the potential of their three
dimensional counterparts for future investigation. For simplicity we will also focus on the
case where 7}, is a rectangular mesh. The extension to general convex quadrilateral meshes
will be discussed in Section 7.

Let V}, C Hy () be the Q, finite element space [14, 11] associated with 7, and the operator
A, Vi, — V] be defined by

(2.1) (Apvy,ve) = Ap(vy,v9) Yy, ve € Vp,

where (-, ) is the canonical bilinear form between a vector space and its dual, and Ay, is the
variational form defined by (1.3). We can then rewrite (1.9) as Aju, = ¢p, where (¢p,v) =
fQ fvdx for all v € V},. Therefore Ay, is the operator that needs to be preconditioned.

Note that, for n sufficiently large (which is assumed to be the case), the following relation
[12] holds:

(22) Cﬂvﬁqz(ﬂﬂ—h) S <AhU,U> = Ah(v,v) S CQ‘Uﬁ{z(QJ—h) Yo c Vh,
where
(2.3) iz = 2 [Wliem + ) E |H [0v/on] |12,

DeT,, e€ly,

and the constants C; and C5 depend only on the shape regularity of 7;,. Here and throughout
this paper we follow the standard notation for Lo-based Sobolev spaces [1, 14, 11].

The two-level additive Schwarz preconditioner is constructed in terms of subdomain solves
and a coarse grid solve.

Let Ty be a coarse rectangular mesh for Q and Vg C H}(Q) be a finite element space
associated with 7. (The choice of the finite element for the coarse space will be discussed
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in Section 3.) We can then define Ay : Vg — V}; by
(2.4) (Agur, ve) = Ap(v1,v9) Yo, v € Vi,

where Ay is the analog of A;, for the coarse grid 7.
Let ©;, 1 < j < J, be overlapping subdomains of 2 such that Q = Uleﬁj and the

boundaries of €2; are aligned with the edges of 7,. We assume that there exist §; € C*°(Q)
for 1 < 5 < J such that

(25) ‘9]' =0 on Q \ Qj,
J
(2.6) ZHJ- =1 on €,
j=1
C C
(2.7) IVOill e < 5 V20| s < 52

where V20, is the Hessian of 6;, 6 > 0 is a parameter that measures the overlap among the
subdomains and C' is a positive constant independent of h, H and J.

Remark 2.1. Suppose 7}, is a refinement of 7. We can construct €2; by enlarging the
subdomains of 7y by the amount J§ so that each €2; is the union of rectangles in 7j (cf.
Figure 1). The construction of 6; satisfying (2.5)-(2.7) is then standard [28].

FIGURE 1. 7, Ty and §);

Let V; C Hg(2;) (C Hy(Q)) be the @ finite element space associated with the fine grid
Ty, on ;. The following variational form is the analog of (1.3):

0%w *v
Aj(wav) - Z Z/ 0z;0x; afl?z‘axde

DeT;, i,j=1" D
DCQj

o[-

eCQj
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|

ecé
eCQ

where the jumps [-] and averages {{-}} are defined by (1.7) if e C 2; and (1.8) if e C 99;.
The bilinear form Aj(-,-) can be represented by the operator A; : V; — V/ defined by

(29) <AjU1,’U2> = Aj(’Ul,’UQ) V’Ul,’UQ & ‘/j,
and we have the following analog of (2.2):
(2.10) Cilvlizge, ) < (Ajv,0) = Aj(0,0) < Colofie, 7y Vv eV,
where
(2.11) olt2(, 2 = Z [0 %2(p) + Z I[0v/on]]I7, -
DeTy, ecép
DCQ; eCQ;

Let I; : V; — V}, be the natural injection for 1 < j < J. Note that (2.3) and (2.11) imply
immediately

(2.12) |]j/U‘H2(Q7Th) < C3‘U|H2(Q].’Th) Vv e Vj,

where the positive constant C3 is independent of A, H and .J. Furthermore, under the
condition 6 < H (which is assumed to be the case),

(2.13)  the relation Ay (vj,v) = 0 Vv; € V; and v, € V; holds for all but N, many ¢’s,
where the positive integer N, is independent of h, H, J and ¢, and in particular,
(2.14) each point of 2 belongs to less than N, many subdomains.

Suppose the space Vj is connected to V}, by an operator Iy : Vg — Vj,. (The construc-
tion of Iy will be given in Section 3.) We can now define the two-level additive Schwarz
preconditioner B : V,, — V}, by

J
-1
(2.15) B= ZJ]A]. I,

where [% : V) — V/ is the transpose of I; : V; — V},, i.e.,
(2.16) (L,v) = (W, Lv)  YveV
(We take Vj to be Vy.)

Remark 2.2. The operators A; (0 < j < .J), I; (0 <j < J)and Aj can be represented by
matrices with respect to the natural nodal bases of V; and V}, and the canonical dual bases
of V/ and V;. The matrix for I]t- is then the transpose of the matrix for /;. In other words,
the matrix form for the preconditioner B is also given by (2.15).
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Let II;, : C(Q) — Vj, be the nodal interpolation operator. Then every v € Vj, can be
written as v = Z}]:1 vj where v; = I1,(6;v) and the 6;’s are the partition of unity functions
that appear in (2.5)-(2.7). From (2.5) we see that v; € V; and therefore the condition

J
(2.17) Vi=> LV
§=0

is satisfied. It follows from the additive Schwarz theory [16, 17, 32, 5, 31, 23, 30, 11] that B is
symmetric positive definite and therefore the eigenvalues of BA, are positive. Furthermore,
the maximum and minimum eigenvalues of BAj;, are characterized by the following formulas:

(Apv,v)

(2.18) Amax(BAp) = max - ,

eV
vU?éOh min Z(Ajvj, Uj)
v=31_oLjv; j=0
vjEVj
A
(2.19) Amin(BA) = min < ’”}’” .
veVy .
v#£0 min Z(Ajvj, Uj)
v=327_01jvj j=0
vjEVj

Remark 2.3. Tt is clear from (2.18) and (2.19) that the results of this paper would not be
affected if the exact solve A;l is replaced by an inexact solve B ! as long as (Bjv,v) ~
(Ajv,v) for all v € V.

3. COARSE SPACES AND PRELIMINARY ESTIMATES

In this section, we define the coarse spaces and derive some preliminary estimates which
will be used in the analysis of the condition number of BAj,.

Our first choice of the coarse space Vi C H} () is the @y Lagrange tensor product finite
element space associated with 7. The )1 Lagrange element is depicted in Figure 2 together
with the @3 Bogner-Fox-Schmit element [6], where we use the solid dot e to denote pointwise
evaluation of the shape functions, the circle o to denote pointwise evaluation of all the first
order derivatives of the shape functions and the arrow 2 to denote pointwise evaluation of
the mixed second order derivative.

Let Vi C Hg(Q) be the Bogner-Fox-Schmit finite element space associated with 7. The

two spaces Vg and VH are connected by a map Fy : Vg — VH defined by
(3.1) (Env)(p) = v(p)
(3.2) V(Egzv)(p

ZVU

‘ P‘ DeT,
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FIGURE 2. )7 element and ()3 Bogner-Fox-Schmit element

O*(Exv), . 1 0%,

3.3 IAEHY) 1y = ,
(3:3) 01015 ¢ \@\De%axlaxzp

where p is any interior vertex of the rectangular mesh, 7, is the set of the rectangles sharing
p as a vertex, |7,| is the number of elements in 7, and v, = U‘D. The operator Iy : Vg — Vj,
appearing in (2.15) is then defined by

(34) ]0 == Hh 0] EH,
where IIj, : C°(Q) — V}, is the nodal interpolation operator.

Remark 3.1. The Q3 Bogner-Fox-Schmit element is a C? relative of the (); Lagrange tensor
product element. The enriching map Ex that connects a C° element to a C! element enables
us to derive estimates that are independent of the mesh sizes (cf. (3.22) below).

The following lemma gives the properties of the operator E. To avoid the proliferation of
constants, we henceforth use the notation A < B to represent the statement A < constant x
B, where the positive constant depends only on the shape regularity of the meshes and not
h, H, J nor §. The notation A ~ B is equivalent to A < B and B < A.

Lemma 3.2. The following estimates hold:

(3.5) lv = Exvlry) S Holwzom,) Vv € Va,
(36) "U — EH'U|H1(Q) S H|U‘H2(Q7TH) Yo e Vy,
(3.7) ‘EHU|H2(Q) 5 ‘U|H2(Q’TH) Yv e VH,

where | - |g20,1,,) 15 the analog of | - |w2.z,) (cf. (2.3)) forv e V.

Proof. Let v € Vi be arbitrary. Let D be a subdomain in 75 and p be a vertex of D that

is interior to 2. By (3.2), the Cauchy-Schwarz inequality and a standard inverse estimate
[14, 11], we have

Ve, 0) = VE W = |77 3 [70,0) = Vo, )
Pl preT,

(3.8) S Y Ve, (p) = Vo, ()

D'eT,

2
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1
<> |H VL) ZZHHH@U/@”]]H%M,

e€p e€p

where &, is the set of edges sharing p as a common vertex. Note that in the derivation of
(3.8) we have used the fact that for any two subdomains D; and D, sharing e as a common
edge, the tangential derivatives of v, and v, agree on e.

For a vertex p of D that belongs to 02, we also have, by (1.8),

(3.9) Vv, (p) = V(Egv)(p)|* = [V, (p)* S " |||[[5v/0n]] ellZae):

where e C 0f) is an edge of 7, with p as an endpoint and we have used the fact that the
tangential derivative of v along 02 vanishes.

Furthermore, the second order nodal values of Ejv can be easily estimated through a
standard inverse estimate:

82 (EHU) 2 821] 2
3.10 oA ‘ S ‘71) ‘ = diam D) "2|v|? )
(310) 0210z (») [%;,p 071019 (») [%;p( ) 1ol
Finally we observe that, by scaling,

(3.11) ]| ,p) = (diam D)* Y~ (w(p))* + (diam D)* Y~ (Va(p))?

pEVD pEVD

+ (diam D)® > [ o (p)}2 Vw € Vi,

0x,0x
oyl 1072

where Vp is the set of the vertices of D.
Since v — Exv € Vy, it follows from (3.1) and (3 8)—(3.11) that

(3.12) v — Egvl},p S (diam D) (Z > —|| [0v/on]17,0)+ D> D vl D,)
pPEVD 665 pPEVD D’ET
which together with standard inverse estimates also implies

(3.13) [0 — Enolinp S (diam D)*( S Z| 10v/onlllE ) + S Y 1olew):

pEVD ecép pEVp D'e€T,
(3.14) v —Epvlippm S Y Z || [0v/0n]17,00+ D> D Wl
pEVD e€€p pEVp D'€T,
Summing up (3.12)—(3.13) over all the subdomains of 7y, we obtain (3.5) and (3.6).
Finally, from (3.14) we have

|EH,U|%{2(Q) S Z (lo - EH,U|%{2(D) + |U‘§{2(D)> S ‘UGP(Q,TH)'
DeTy

The next lemma gives the relevant properties of I1.



ADDITIVE SCHWARZ PRECONDITIONERS FOR C° INTERIOR PENALTY METHODS 9

Lemma 3.3. The following estimates on 11, are valid:

(3.15) 1€ = Tl o) + AIC = Tallmo) S PP[Claxe) V¢ € HF (),

(3.16) LGl 27 S [Clr2e) V(e Hi ().

Proof. Let ¢ € H3(Q2) be arbitrary. On each D € 7}, we have the standard estimates [14, 11]:
(3.17) 1€ = ¢ || ooy + (diam D)[¢ — x| g1 (py S (diam D)?|¢| 2 (p)

(3.18) nCl w2y S €120y

which implies (3.15) immediately.
For any e € &, by the trace theorem (with scaling), (3.17) and (3.18), we have

1 H@(Hmﬂ 1 H@(c—mc)ﬂ ?
el on Lo(e) le] on La(e)
- ; (¢ = TG), ||
™ el one La(e)
2
(3.19) S [dlamD (Ca Hho + '78@6_ x<) ]
DeT. Te La(D) Te HY(D)
< 3 [(diam D)2¢ — ¢ ) + 1¢ = MaCleqo)
DeT,
S Kliem)
DeT.

where 7, is the set of the subdomains in 7}, sharing e as a common edge.
The estimate (3.16) follows by summing up (3.18) and (3.19) over all the subdomains in
7T, and all the edges in &,. ]

We can now derive the key estimates for the operator Ij.

Lemma 3.4. The following estimates on Iy hold:

(320) HU — [Q’UHL2(Q) S H2‘”|H2(Q,TH) Vv e VH,
(321) ‘U — ]O’U‘Hl(g) SJ H|U‘H2(Q,TH) Vv e VH,
(322) ‘[O’U|H2(Q7Th) S ‘,U|H2(Q,'TH) Vv e VH

Proof. Let v € Vi be arbitrary. Since Egv € HZ(Q), using (3.4), the triangle inequality,
Lemma 3.2, Lemma 3.3 and the fact that h < H, we have

v — Tov|| L) = lv — HpEnv| Ly«
S v — Envllpy@) + |Egv — R Egv|| @
S H? vl w2z + P21 Eav| a2

5 H2|U‘H2(Q7TH)’
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Similarly we can obtain (3.21). Finally, it follows from (3.4), (3.7) and (3.16) that

\Tov| 20,7, = T Envlmeon) S | Eavlme) S [Vlm2a,m)-
O

Remark 3.5. If we replace the operator Iy defined by (3.4) by the natural injection from Vy
to V4, then the estimate (3.22) is not valid.

Recall that Vj, is the ()o Lagrange tensor product finite element space associated with
T,. The Q5 element and the Q4 Bogner-Fox-Schmit element are depicted in Figure 3, where
we use the arrow T to denote pointwise evaluation of the normal derivative of the shape
functions.

FIGURE 3. )5 element and )4 Bogner-Fox-Schmit element

Let Vi,(C H2(R)) be the Q4 Bogner-Fox-Schmit finite element space associated with 7.
We can define a map Fj, : V}, — V}, analogous to Ex by

(3.23) (Env)(p) = U(p)
(3.24) V(Eyv)(p Z Vo, (
DeT
O(Epv) 1 v,
(3'25) (me) = (me)>
on, |7 I%;e one
(3.26) 0?(Eyv) 1 0*v,,

3

dni0ws T, 4 . 910, b

where (3.23) is defined for any interior node p associated with 7, (3.24) and (3.26) are
defined for any interior vertex p of 7, and (3.25) is defined for any interior edge e of 7}, with
midpoint m,.. Note that (3.23) implies

(327) HhEh’U = Yo e Vh.

Remark 3.6. The Q4 Bogner-Fox-Schmit element is a C! relative of the QQ, Lagrange tensor
product element. The map Fj, was introduced in [12] for the post-processing of the solutions
obtained by the C? interior penalty methods.

The following lemma is the analog of Lemma 3.2.



ADDITIVE SCHWARZ PRECONDITIONERS FOR C° INTERIOR PENALTY METHODS 11

Lemma 3.7. The following estimates hold:

(3.28) ||’U — EhU||L2(Q) 5 h2|U‘H2(Q7Th) Yov e Vh,
(329) |U — EhU|H1(Q) 5 h|U‘H2(Q7Th) Yo eV,
(3.30) ‘Eh’U|H2(Q) 5 |U‘H2(Q7Th) Vv e V.

Proof. Let v € V}, be arbitrary. First of all the analogs of (3.8)—(3.10) are valid for Fj and
we also have the following analog of (3.11) on each D € 7p:

(331)  [[wllfyp) = (diam D)* Y~ (w(p))* + (diam D)* Y~ (Vuw(p))?

PEVD PEVD
+ (diam D)* E Ou (me) 2 + (diam D)°® g 0w (p) 2 Yw eV,
S on.. © 0x10x5 ’
e pEVD

where £(D) is the set of the edges of D.
Let e C Q) be an edge of D € 7,. It follows from (3.25) and a standard inverse estimate

that
2

dv, I(Epv) |1 v, ov,,

332 [gm = 22| =5 3 (Gm) - G m)
D'eTe
1
N m H[[av/an]]Hig(e) :
On the other hand, if e C 052 is an edge of 7}, then we have, by (1.8),
v O(ERv) 2 | ov 2 <1 9

333 |gem) = 22| = | 2 m)| S L loo/onl .

The estimates (3.28)—(3.30) can then be obtained from (3.31)—(3.33) and the analogs of
(3.8)—(3.10), as in the proof of Lemma 3.2. O

Let Iy : C°(©2) — Vg be the nodal interpolation operator and J : Vj, — Vj be the
restriction of Iy to V. The operator Ji will play a role in the analysis of the two-level
additive Schwarz preconditioner. Note that (3.23) implies

J}?U = IIgERv Yv e Vh,

and the lemma below is an analog of Lemma 3.4 that follows from Lemma 3.7 and the analog
of Lemma 3.3 for I1g.

Lemma 3.8. The following estimates on Ji are valid:

(3.34) v = Tl o) S H?|v|m2,m,) Vo eV,
(3.35) v — J g S Hvlpeas,) Vv €V,
(3.36) ‘J}I:I’U|H2(Q’Th) < vla2.m) Vo eV,



12 SUSANNE C. BRENNER AND KENING WANG

Our second choice for the coarse space Vg C Hj () is the @y Lagrange tensor product
finite element space associated with 7. In this case we take f/H to be the )4 Bogner-Fox-
Schmit space associated with Tz and define Ey : Vi; — Vy by the analogs of (3.23)(3.26).
We can then define Iy : Vg — V), by (3.4). In view of Lemma 3.7 (which also holds for
Epy), the results in Lemma 3.4 remain valid for this Ij.

4. A CONDITION NUMBER ESTIMATE

In this section we derive an estimate for the condition number of BA;. We begin with an
upper bound for the eigenvalues of BAj,.

Lemma 4.1. The following upper bound for the eigenvalues of BA;, holds:
(4.1) Amax(BAp) < 1.

Proof. Let v € Vj, be arbitrary. For any v; € V; such that v = Z;jzo L;v;, we have, by (2.2)
(and its analog for Ag), (2.10), (2.12), (2.13), (3.22) and the Cauchy-Schwarz inequality,

2

(A, 0) ~ [0z < oo +)Z 03

H2(Q,T3)
J J
S |U0|%{2(Q,Th) + Z ‘Ujﬁp(g,fh Z (Ajvj,v5),
Jj=1 Jj=
which implies
J
(4.2) (Apv,v) < min Z(Ajvj,vj>.
U—EJ o Livj =0
v; €V}
The estimate (4.1) follows from (2.18) and (4.2). O

We now turn our attention to a lower bound for the eigenvalues of BAy.

Lemma 4.2. The following lower bound for the eigenvalues of BAy; holds:

HYN\ !
(4.3) AmABmgz<1+SZ) :
Proof. Let v € V), be arbitrary,
(4.4) :Jf
(4.5) = I1,,(0; (v — Ipvy)) for 1<j<J

From (2.6) and the fact that v — Iyvg € V}, it is clear that

J
(4.6) > v =v.
§=0
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Below we will carefully estimate the terms (A;v;, v;) for 0 < j < J.
First we consider vy. From (3.36), (4.4) and the analogs of (2.2) and (2.3) for | - [g2(0,7;,)
we have

(4.7) {Aovo, vo) = (Amvo, vo) = |3 vl T2,z S |Vlie@m) = (A, v).

Next we consider v; for 1 < j < .J. Let
(4.8) w=v— Iy and w;=0w.
From Lemma 3.4, Lemma 3.8, (4.4) and (4.8) we have

lwllza@ = llv = ToJi vl Lae)
(4.9) S v = Ji ol + o i v = Tyl ol rae)
S Hlolmg) + H2 | T 0 m2n S Hvlme,s),

and similarly,
(4.10) lw|me) S Hlvlm2@n),
(4.11) (wlmen) S [vlres)-

We can also rewrite (4.5) as
(4.12) vj =11, (0,w) = I w;.

Let D C ©Q; be an arbitrary subdomain in 7, and 6, be the bilinear interpolant of ; on

D, ie., 6;, € Qi(D) and 6;, = 6; at the vertices of D. We have the following standard
interpolation error estimates [14, 11]:

(4.13) 1051l ocio) < 1051l e

(4.14) 1V6; 51l o0y S 1Vl Lo ()

(4.15) 1V%0;. 5| e 0y S 1IV?05 ]l L),

(4.16) 16,0 = 5]l oc(p) S (diam D) V26;]| .. ()

It follows from (2.6), (2.7), (3.18), (4.12)—(4.16), a standard inverse estimate and the chain
rule that
01720y S Ma(05,0) 32y + TR (05 — 05.)w) 2 )
(4.17) S 10;0wlGr2(py + (diam D) TL((0; = 05, )w)|[2,0)
S Héj7D||%oo(D)|w‘§{2(D) + ||Véj,p||%oo(D)‘w|%{1(D)
+ HvzéjwH%OO(D)HwH%Q(D) + (diam D)6, — éj,p||2Loo(D)||wH%2(D)

1
S |w\§12(z)) + §|w\§11(p) + ﬁHwH%Q(D)-
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Let e € &, be arbitrary. We have, from (4.12),

1 1
(4.18) el 11805 /0nl7 ) = el I[8Maw;) /0]l

1 1
ﬂ 1[8w; /on]ll7, ) + Tel 0w, — w;)/0n]l7,.,

Using (4.8) we can estimate the first term on the right-hand side of (4.18) as follows:

1 1
H ||[[awj/an]]”ig(e) = E !I[[0(9jw)/0n]]lli2(e)

(4.19) - ‘1—| 1160w/, .,

1
< el [Bw/on]I7,
1

S 90/ + gy 10ows) ol

For the second term on the right-hand side of (4.18), we find from (2.6), (2.7), (3.17), (3.18),
(4.8), the trace theorem (with scaling) and the chain rule that

%Hﬂ (M — w)) o]l S 30 |Hanh<wj> — (wy),)/0n2,

DeT.
: _ 2
S Z (diam D)~ [[Tyw; — wj|H1(D) + Z Hhw; — wj‘HQ(D)

DeT. DeT.
(4.20) S Z |w;[ %2y
DeT.
SO 61 oyl wliemy + D IVIT oy lwlin
DeT. DeT.
+ > V17 oy w7 )
DeT.
< 2 1 2 1 2
S Z [Wlg2(p) + §|w‘H1(D) + ﬁ”wHM(D) :
DeT.

Combining (4.18)—(4.20), we have

1 1 1
(4.21) el 1[8v5/0n]117,) S el |[8v/on]IIz, ) + ﬂ 1[8(Zov0) /0] e

e

1
+ Z |:‘w|H2(D |w‘H1 ﬁHwH%Q(D)

De7.
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We can now conclude from (2.3), (2.11), (2.14), (3.20), (4.7), (4.9)—(4.11), (4.17) and
(4.21) that

J
mem a3 (X Wil + Y |H [90; /0] 3.0

7j=1 DeTy, e€e&y
DcCQ; eCQ
1 1
(4.22) S Witz + Hovoltzo.z,) + Z [\wl?p([)) + ﬁhﬂ?{lw) + gHwH%z(D)}
DeTy,
2 4

S |U‘§{2(Q,Th) + y\“ﬁp(ﬂ,fh) + 5—4\1)@12(9,7,1)

H4
N (1 + y) |U\§12(Q,Th)-

Combining (2.2), (2.10), (4.7) and (4.22) we arrive at the estimate

J
H4
(Aovo, vo) + Y (Ajv5,05) S (1 + y) (Apv,v),

j=1
which together with (4.6) implies

J
. H!
(4.23) min Y (A, v) S <1 + y) (Apv,v).
U:ZJJ:() v =0
v; €V
Since v € V}, is arbitrary, the estimate (4.3) follows from (2.19) and (4.23). O

From Lemma 4.1 and Lemma 4.2 we have the following condition number estimate for the
two-level additive Schwarz preconditioner.

Theorem 4.3. The condition number of BA,, satisfies the estimate

)\max(BAh) H*
4.24 BA) = —————= < C|(1+ —
( ) K’( h) )\mm(BAh) ( + 54
where the positive constant C' depends on the shape reqularity of 7, and Ty but not h, H,
nor J.

5. THE CASE OF SMALL OVERLAP

Theorem 4.3 implies in particular that the two-level additive Schwarz preconditioner is an
optimal preconditioner when ¢ is comparable to H (the case of generous overlap). In the
case of a small overlap, i.e. when § << H, the factor [1 + (H/§)*] in Theorem 4.3 becomes
significant. In this section we show that it can be improved to [1 + (H/§)?] provided that
we have more information on the subdomains €2;. The arguments we use follow those in [18]
for conforming finite elements.
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More precisely, we assume, in addition to (2.5)—(2.7), that
(5.1) the subdomains are rectangles,
(5.2) h < < H and in particular 20 is less than the length of any edge
of the subdomains,
(5.3) Q:NQ; C{(x1,22) € Q; : dist ((z1,22),08);) <26}
N{(z1,22) € Q; : dist (21, 22),08;) < 20}.

Remark 5.1. These additional assumptions on the subdomains are valid if the subdomains
are constructed according to Remark 2.1.

The proof of the following lemma can be found in [9].

Lemma 5.2. Let d <1 be two positive numbers, G = {(x1,x2) : 0 < 2y <, 0 < 29 < d} and
Q={(r1,229): 0 <2y <, 0<x9 <l}. Then there exists a positive constant C' independent

of d and | such that

(5.4) I<aiey < OF (IKuiey + Piclin@) V€ € H2@)
We now return to the proof of Lemma 4.2.
Let Q. and ;5 be defined by
Q. ={(x1,22) € Q; : dist((x1, 22),09;) < €},
2 cn = the union of all D € 7j, such that D C Q.

Conditions (2.5), (2.6) and (5.3) imply that 6; is identically one in the rectangle {(x1,z2) €
Qj . dist((xl,xg), 8&2]) Z 25} Thus the terms Hh((ﬁj —éj,D)w), V‘gj’p, V28~j7D, VHJ and Vzﬁj
in (4.17) vanish except for those D which are subsets of €2, o5.

Therefore, derivations similar to (4.17) and (4.20) yield

Z \%"%}2(0) = Z ||‘9j,DH%OO(D)|wﬁ{2(D)+ Z |:Hv‘9j,D||%oo(D)|wﬁ{1(D)

DCS DCQ; DCQ; 05
DeT,, DeT, DeT,
(5.5) + IV20;pll7 . (pyllwll 7, (py + (diam D)~ TT,((6; — 9j,D)w)H%2(D>]

S |wﬁ{2(ﬂj7'fh) + ﬁ‘wﬁ{l(ﬂj,%) + ﬁ”wH%Q(Qj,%)a

and
1
> HH[[(?(HFLU)] w;)/On]|I7,
eEZ—h
QCQJ‘
(5.6) SO 61wz

DCQ;
DET]—L
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+ > IV ol oy + 12051 o 0l

DCQj,Qa
DeTy,

1
N \wﬁ{?(ﬂj,fh) + ﬁ\wﬁ{l(ﬂj,za) + ﬁHwH%Q(Qj,za)'
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Recall that Fpw € Vi, € H?(Q;). Hence it follows from Lemma 3.3, (3.27), (5.1), (5.2),

Lemma 5.2 (with scaling) and a standard inverse estimate that
Hw||2L2(Qj,25) = ||HhEth%2(Qj,25)

S M Eyw — Eywl|?,q, ,5) + | Erwll7,
(5.7) S WEnwlTrq, ) T 1By @, 00
S HEth%Q(Qj,%)

J

S I [HEth%Q(Qj) + H4|Ehw|%{2(ﬂj)]-
In view of (5.5)—(5.7), the estimate (4.22) becomes
J 2

H 1
(5.8) Z \Ujﬁ{z(szj,fh) N |U‘§{2(Q,Th) + y@ﬁp(n,fh) + B3O [||Ehw||%2(9) + H4\Ehwﬁ{2(n)]

J=1

Furthermore, from Lemma 3.7, (4.9), (4.11), (5.2) and a standard inverse estimate, we have

||Ehw]|%2(9) + H4|Ehw|?{2(n) S [ Ehw — w||2L2(Q) + ||w]|%2(9) + H4|Ehw|?{2(n)

(5.9) S W wliegz) + 1wl + H wliegn)
S HYolipqn)-

Combining (5.8) and (5.9) we find

J H3
Z \Ujﬁ{?(gj,fh) S (1 + y) |U‘§{2(Q,Th)a
j=1

and (4.23) becomes

J
H3
(5.10) min Z(Ajvj,vj) S (1 + ?) (Apv,v).

J .
v=3_5_0 1;v; j=0
”UjEij

Finally (2.19) and (5.10) yield a new lower bound for A\yin(BAp) :

o\
(5.11) Amin(BAR) 2 <1 + 5—3) ,

The second condition number estimate for the two-level additive Schwarz preconditioner

now follows from (4.1) and (5.11).
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Theorem 5.3. Under the additional assumptions (5.1)—(5.3), we have the following improved
bound on the condition number of BA,, :

HS
where the positive constant C' depends on the shape reqularity of 7, and Ty but not h, H,
nor J.

6. NUMERICAL EXPERIMENTS

In this section we present the results of some numerical experiments for the biharmonic
problem on the unit square. The penalty parameter 7 in A, Ay and A; is taken to be 5.

In the first set of experiments we take the coarse space Vg to be the (), finite element
space associated with 7y, for H = 271, 272 and 273. The corresponding overlapping domain
decomposition has J = 4, 16 and 64 subdomains (cf. Remark 2.1 for the construction
of the domain decomposition). For each choice of H and h, we generate a vector v, €
V}, randomly, compute the right-hand side vector ¢ = A,v, and apply the preconditioned
conjugate gradient algorithm to the equation Az = g using the two-level additive Schwarz
preconditioner. The number of iterations needed for reducing the energy norm error by a
factor of 1072 is computed for 5 random choices of v), and then averaged. The results are
reported in Table 1, Table 2 and Table 3. They demonstrate that the condition number
k(BA}) is independent of h.

6 h 2—2 2—3 2—4 2—5 2—6 2—7
)2 5 4.8 4 4 4 4
273 — 5 4 4 4 4
24 — — 5.2 4 4 4
27 — — — 4 4 4

TABLE 1. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q; coarse space, J = 4, H = 1/2)

In Table 4 we collect the number of iterations for h = 27¢ according to J and H/J§. They
demonstrate the independence of k(BAy) on J and at the same time the adverse effect of
the increase in H /0.
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h 73 o -4 9 -5 9 -6 9 T
3
2 6 5.6 5 5 5
2 — 5.4 5 4 4
27 — — 5.2 4 4

TABLE 2. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q; coarse space, J = 16, H = 1/4)

6 h 24 2-5 26 27
24 6 6 5 5
273 — 6 5 4

TABLE 3. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q; coarse space, J = 64, H = 1/16)

In the second set of experiments we take the coarse space Vi to be the (), finite element
space associated with 7y, and carry out similar computations. The results are reported in
Table 5, Table 6, Table 7 and Table 8. They are very similar to the results for the first set
of experiments.

In the last experiment we take H to be 1/4, Vi to be the @ finite element space associated
with 7y and replace the operator I, by the natural injection operator from Vg into V.
The results are reported in Table 9. They show that the performance of the two-level
preconditioner suffers from the absence of the enriching operator (cf. Remark 3.5).

7. CONCLUDING REMARKS

We have demonstrated that the two-level additive Schwarz preconditioner can be extended
to C° interior penalty methods for fourth order elliptic boundary value problems. The
preconditioned system behaves in the same way as the preconditioned system for classical
conforming and nonconforming finite element methods [8, 9, 10, 7]. The novelty of the
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wa 4 16 64 256
2 4 5 5 5
4 4 4 5 6
8 4 4 5.4

TABLE 4. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q; coarse space, h = 27°)

N h 92 -3 -4 -5 96 77
52 52 5 4 4 4 4
23 — 5 4 4 4 4
2 — 4.6 4 4 4
27 — 4 4 4

TABLE 5. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q, coarse space, J =4, H = 1/2)

analysis is in the role played by the jumps of the normal derivatives across the edges (see for
example (3.12)—(3.14), (3.19), (4.18)—(4.21) and (5.6)), and the enriching map developed in
[12] for the post-processing of the solutions of C interior penalty methods is useful for both
the construction and the analysis of the preconditioners.

The results of this paper can be extended to C? interior penalty methods that are based on
triangular or convex quadrilateral finite elements [12]. The key again is to use the enriching
maps that connect C? finite elements to their C! relatives, which are the triangular Argyris
elements [2] or the quadrilateral generalized Bogner-Fox-Schmit elements [12].
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N h 73 o -4 9 -5 9 -6 9 T
27 6 6 5 5 5
2 — 5 5 4 4
9 -5 — — 5 4 4

TABLE 6. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q, coarse space, J = 16, H = 1/4)

s h 24 2-5 26 27
2 6 6 5 5
273 — 5 5 4

TABLE 7. Average number of iterations for reducing the energy norm error
by a factor of 1072 (Q4 coarse space, J = 64, H = 1/16)
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