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1 Introduction

In recent years, various nonlinear methods have been proposed and deeply investigated in
the context of nonparametric estimation: shrinkage methods [21], locally adaptive band-
width selection [16] and wavelet thresholding [7].

One way of comparing the performances of two different method is to fix a class of
functions to be estimated and to measure the estimation rate achieved by each method over
this class. In this context, most of these methods have been proved to achieve minimax
rate for a given loss function, over various classes modelled by the unit balls of function
spaces: Holder, Sobolev and more generally Besov and Triebel-Lizorkin spaces.

It should be noted that the choice of such a class is quite subjective. Moreover it
happens very often that the minimax properties can be extended (without deteriorating
the rate of convergence) to larger spaces (see e.g. [11]).

It is thus natural to address the following question: given an estimation method and a
prescribed estimation rate for a given loss function, what is the mazimal space, over which
this rate is achieved 7 If it exists, such a space will appear as naturally linked with the
method under consideration. The goal of this paper is to discuss the existence and the
nature of maximal spaces in the context of nonlinear methods based on thresholding (or
shrinkage) procedures.

Before going further, some remarks should be made:

e The maximal space will be of particular interest if in addition the rate provided by
the method is minimax in this space. Note that if the method is proved to achieve a
minimax rate n~“ on some space E, then the same necessarily holds for the maximal
space F' associated to this rate since it contains F.

*This work has been supported in part by the Office of Naval Research Contract N0014-91-J1076 and
the Army Research Office Contract DA AG55-98-1-0002



e Such an approach has been investigated for linear methods. We have in mind the
classical Parzen kernel estimates or linear spline and wavelet methods [14]. The
results take the following form. For an L,-loss function (p > 2) the maximal set
where a rate n~°? is attained is a ball of the Besov space B (L,) where s is defined
by the equation o = s/(1+2s). An especially interesting remark is that this result is
rather robust with respect to the method of estimation provided that the method is
linear. This suggests the following questions: (i) are the maximal spaces associated
to non linear methods also very robust and not much varying from one method to
the other? (ii) are they bigger than those associated to linear methods?

e While it is not difficult to see that the set of functions corresponding to a certain rate
of estimation for a linear method is indeed a linear space, this point is not clear (and
probably not true in general) for a nonlinear method: f and g could be estimated
at rate n~® while f + g is estimated at the rate n™° with 3 < a. In the context of
the methods which are considered in the present paper, the maximal space will be
proved to be linear.

As we have already pointed out, we are interested in estimation methods based on
thresholding procedures. Typically, the function f to be estimated is assumed to have an
expansion in some basis, i.e. f = > ;5 crex, and the method consists in three steps:

e A linear step corresponding to the estimation of the ¢;’s by some estimators ¢y.
e A nonlinear step consisting in a thresholding procedure ¢ — ¢ 1{|¢| > ti}.
e A reconstruction step to derive the global estimator f = k>0 Cel { || > ti}er.

Although the basis (ex)r>o can be of any type, a natural setting to derive these re-
sults is provided by wavelet bases. Indeed, such bases provide characterizations of various
classical smoothness classes from the approximation rate of (deterministic) thresholding
procedures. While this fact is well-known in approximation theory, we shall see here that
similar statements hold for statistical estimation. It turns out in this setting that for the
nonlinear estimation methods under consideration, the maximal spaces will coincide with
known smoothness classes.

Before proceeding further with the description of our results in a simple case, we shall
shall introduce the notation we shall utilize for wavelet bases.

1.1 Wavelets

Wavelet bases have been documented in numerous textbooks and survey papers (see e.g.
[4] and [17] for a general treatment). With a little effort, they can be adapted to a bounded
interval [1] and to more general domains 2 C R? (see [3] for a survey of these adaptations as
well as a discussion of the characterizations of function spaces on €2 by wavelet coefficients).

A wavelet basis consists of two types of functions: scaling functions ¢, and wavelet
functions ¢,. The index A concatenates the usual scale and space parameters j7,k. Thus for



standard wavelet bases on IR, we simply have 9, = 1, = 2//%¢(27 - —k) (and similarily for
©x). However, the notation 1 takes into account the possible adaptations of wavelets to
multivariate bounded domains in which case the functions ¢, and ¢, usually change form
near the boundary.

With this notation, the wavelet decomposition takes the form

= apon+ Y. > By, (1)

AET, J>jo A,

where (¢ )xer; is the scaling function basis spanning the approximation at level j, (1) e Al
is the wavelet basis spanning the details at level j, and o = «(f) and 5\ = Bi\(f) are the
scaling function and wavelet coefficients of f respectively. In what follows, we shall (merely
for notational convenience) always take jo := 0.

The approximation and detail coefficients of f are linear functionals of f which can be
evaluated according to

Q) = <f7 ()5)\> and /BA = <f7 @A)v (2)

where ¢, and 12,\ are the corresponding dual scaling functions and wavelets. In the or-
thonormal case, these are the same as the primal scaling functions and wavelets ¢, and
(3

We also use the notation [A| = j if A € I'; or A € A’ Finally, to simplify notation even
more, we define Ag := 'y U Aj and A; := A%, j > 1. Then, with A = U;>¢A;, we have an
even simplier notation

F= St =3 3 ()i, 3)

AEA =0 AEA;

It is well known (see e.g. [3]) that wavelet bases provide characterizations of smoothness
spaces such as the Holder spaces O, Sobolev spaces W?*(L,) and Besov spaces B, (L,) for a

range of indices s that depend both on the smoothness properties of 1) and . In the scale
of Besov spaces (which includes C* = B (Lo,) and W¥(L,) = B3(L,) if s ¢ N as particular

p
cases), the characterization result has the form
£ 1Bz (L) ~ (252N (3), A e, ) j50lle, (4)
where d is the space dimension (2 C R?).
1.2 A simple example
Let us consider the white noise model on the unit interval
1
dY (t) = f(t)dt + —=dW (t), t € 0,1]. 5
(1) = F(tdt -+ —=aW (), € 0.1 9



We want to reconstruct f from observations of Y, which is a polution of f by the addition
ofthe white noise W. The local thresholding estimators proposed in [7] have the following
general form

fr="3" BI{B] = tn)}, (6)

|AI<jo(n)

where 3\ = [ (t)dY (¢)dt is the linearly estimated coefficient.
We choose here the Ly norm as the loss function, i.e. we are interested in the mean
square error E(||f* — f[|7,). This error is majorized by

B(|If" — fIIZ,) < 2[B(n) + V(n)], (7)

where
B(n) 1f = Zin<iom A I{16x] > t(n) 3,

< C Xl jio(n) or [8sl<tm) [8AI%,
denotes the bias term, and

V(n) = E(| Sz (BI{8A] = tn)} = BI{|5:] = t(n)})eall3,)
< C <o EUB{IBA] = t(n)} = BaI{IB] = t(n)}?),

the variance term. In both case, the constant C' is 1 for an orthonormal wavelet basis, and
fixed in the case of biorthogonal wavelets.

The choice of an appropriate threshold ¢(n) and maximal scale jo(n) have been widely
investigated in the context where the properties of f are modelled by Besov smoothness:
one typically assumes that f sits in a class

Vi(r,s) = {llflBws) < G0 LI llBye,) < Csty (8)

where 0 < r < s and p is given by 1/p = 1/2+s. The parameters s and r should be viewed
as two different measure of smoothness:

e ;From (4), || flls(z,) is equivalent to the discrete £, norm of the wavelet coefficients of
f. This space provides a measure the Ly error resulting from a thresholding procedure
by the estimate

1f = 22 B, <C >0 1B < O£y 0, (9)

1Bx[>t [Bx]<t

Thus, in the context of thresholding, the parameter s is thus a natural measure of
the sparsity of a function in a wavelet basis. Note that the space B;(L,) is embedded
in Ly but not compactly.

e The parameter r measures the smoothness of f in Lo, or equivalently the approxima-
tion error commited by truncating the function at some scale. One can indeed easily
derive from (4) that

1l Bs, 22y ~ 11l 2o +Sl>1182js!\f = > Bllr.. (10)
JZ

[AI<j



An assumption of minimal smoothness in this classical sense is unavoidable in order
to limit the thresholding procedure in (6) to a finite number of coefficients below a
maximal scale jo(n) and to discard all other coefficients at higher scales.

With such assumptions, it is known that the minimax estimation rate

B(|lf = f"llZ,) < C1

n 2s

]Og(n)]_H_QS’ (11)

can be achieved with the choices 270" ~ n75 and t(n) = ky/log(n)/n for x large enough
(depending on 7). Such choices correspond to balancing the upper bounds for the bias and
variance terms given above. The constant C' in (11) depends on the constants C, and Cj
in the definition of the class V(r, s). B

It turns out that the above rate can be extended to a slightly larger class V (r,s),
where the assumption || f||ps(z,) < Cs is replaced by the assumption that the following
thresholding estimate holds:

If = > Baballr, < Cst' P2 (12)

[Bx>1

This estimate can be shown to be equivalent to requiring that the wavelet coefficients of f
belong to the weak space £}, i.e.

HINEA; B =ty <Ot t>0. (13)

Unlike B;(L,), the corresponding function space By (L,) does not correspond to a classical
smoothness class, although it can be viewed as an interpolation space: if 8 > s, 1/p’ =
1/2+ s and (1 —60)/2+60/p' = 1/p, elementary interpolation results on ¢, spaces give

By*(Ly) = [La, By (Ly)lo,co- (14)

Our general results will reveal as a particular case that B (L) N By (L,) is precisely
the maximal space associated to the above described thresholding estimator: if, for a given
function f, the rate (11) is achieved, then one necessarily has

/]

where C' depends on the constant C' in (11).

By (Lyp) + ||fHB€o(Lz) <C, (15)

1.3 Contents of the paper

In this paper, we shall consider various thresholding methods:
e local (coefficients are thresholded individually),

e global (the sets of coefficients (8x)xea, are globally thresholded),
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e block (subsets of (3x)xea, are globally thresholded).
We shall also consider two different types of loss functions:

e Norms which can be expressed as weighted ¢, norm of the corresponding wavelet
coefficients, e.g. Lo and B;(Lp). We refer to such norms as “p-sequential”.

e L, norms (which are not p-sequential for p # 2).

In the second case, which is technically more difficult, the results are only obtained for
the local thresholding, whereas in the first case comparison between the different methods
are obtained.

The main conclusions of the present paper are the following: the spaces associated to
nonlinear methods vary from one method to another. We do not obtain a precise classi-
fication of the different types thresholding, unless we leave aside the distinction between
rates of convergence that differ by a logarithmic factor. It is interesting to note that the
maximal spaces obtained here correspond to the widespread idea that the thresholding
methods behave well on spaces whose functions have a regular behaviour except on a lower
dimensional set of singularities. The advantage of these spaces is to carefully measure what
is the amount of singular behaviour that can be tolerated in the function to be estimated.

Another interesting observation is that the gain of nonlinear methods over linear meth-
ods decreases as the loss function tends the L., norm.

This paper is organized as follows. A general setting for nonlinear estimation is intro-
duced in §2, which allows different thresholding methods (local, global or block) as special
examples. In §3, we introduce a class of weak spaces that occur in nonlinear approxima-
tion. These weak spaces will provide our description of maximal spaces. In that section,
we recall various results of nonlinear approximation theory which are central to our anal-
ysis, both for proving the estimation rate for a given weak space and the maximality of a
weak space for a given rate. The p-sequential case is addressed in §4. A general theorem
is given which shows that the saturation space of a general thresholding procedure is the
intersection of a certain weak space with a compact subest of the space induced by the
loss. This compact subset can be thought of as a minimal basic regularity below which the
method seriously degrades. We discuss cases for which the intersection with this compact
set is not necessary. The special case p = oo is treated separately. We devote §5 to the
application of the general theorem to different examples of wavelet thresholding. The case
of measuring loss in L, is adressed in §6, in the context of local thresholding.

2 Models and thresholding estimators

In this section, we shall describe the general setting and the notation we shall employ
throughout this paper. We shall also give several examples which fall into our general
setting.

Our aim is to estimate a function f belonging to some Banach space V. We are given
a sequence of models indexed by n > 0 from which we derive a sequence of estimators f”,
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which aims to converge to f in some average sense. Generally speaking, our loss will be of
the form || f™ — f||? where || - || = || - |l is the norm of V and p > 0. We are thus interested
in the behaviour of E(|| f™ — f||P) as n goes to +o0.

For instance, in the white noise model (5), the estimators f" are obtained from the
observation modelized as f deteriorated by an additive noise of variance 1/n. Other closely
related model are regression (we observe Y; = f(i/n)+¢; fori = 1,---,n where ¢; are i.i.d.
Gaussian variables) and density estimation (we observe n independent realizations X; of a
random variable from which we want to estimate the density f(x)dx).

Our results will deal with the application of thresholding estimators to such models.
We now describe typical examples of these estimators.

2.1 General thresholding estimators

Throughout this paper, we shall assume that the functions to be estimated have the fol-
lowing atomic decomposition :

iEN

where the series converge in V' and each function f; is in a fixed closed subspace V; of V.
It can happen that the norm ||.|| for V' in which we measure the loss has a special

behavior with respect to this atomic decompostion, in the sense that there exists a sequence

of positive numbers p; and two constants C7, Cy > 0 such that for all f

CLY_pillfill? < AP < C2 Y pill fill7, (17)

1€EN 1EN

where for each i € N, ||.||; is a norm for V;. In this case, we say that the norm is p-sequential.
A trivial case of p-sequential norm is the discrete ¢, norm, in which case the f; are simply
the i-th component of the sequence f and || fi||; = | fi|-

To the atomic decomposition of f corresponds a thresholding estimator:

=3 fr+ X frI{llfrll = me(n)}, (18)

i€An i€AR\Ap

where fZ” € V; is an estimator of f; coming from our observation.

The two subsets A, C A, reflect the idea that at the “low level of resolution” (i € \,)
one does not threshold, while at the “very high level” (i ¢ A,) one does not estimate.
In between these two sets, we operate a thresholding according to the rate rc(n). Our
estimation procedure is thus characterized by \,, A, and kc(n), which all depend on n.
The estimators f” are coming from our observation.

The assumptions on the sequence of models will only be made through the behaviour
of the estimators f” For sake of simplicity the index n will be omitted in f as well as in
f, when no confusion is possible. We will also investigate later the case where the norm
can be represented as previously but with a formula where the sum in 7 is replaced by a
supremumn.



2.2 Examples of thresholding estimators
2.2.1 Local wavelet thresholding

Let us consider the white noise model (5) and let (1\)rca be a wavelet basis adapted to
the interval [0, 1] (we use here the notation of §1.1).

In [9], [7] and [8], the following estimator, based on wavelet thresholding, was proposed
and studied:

=3 BabI{|B = wta}, (19)
[A|<jo(n)
where .
By = / DA ()Y (1), 290 ~n/logn and b, = (%)W. (20)

For models other than (5) - e.g. density estimation, regression spectral density estima-
tion, drift or volatility of a diffusion model - the estimator has the same general form (19),
and the modifications occur only in the estimation formula for the coefficients (y.

This enters the general framework of §2.1 with the f; = f, identified as the components
fr = Bay of the function f in the wavelet basis, ||f;|l; = |6x], An :={A € A [N < jo(n)},
¢(n) =t, and A\, the empty set.

If we measure the loss in the Besov norm || - |5g(r,) for some o > 0 and p < oo,
then according to (4), we are in the p-sequential case, with the coeflicients p; given by
p; = py = 2APEFA/2=1/P) - The case B (Ls,) corresponds to replacing the summation in

(17) by a supremum with exponent p = 1 and p; = py = 2M+1/2),

2.2.2 Global thresholding

In [15], a global thresholding strategy was proposed for the density estimation model.
For simplicity, we describe the estimator in the white noise setting (5). We estimate the
function f by

. . jo(m) . . .
=3 > B+ D I{D] I8P = k27 /n} > By, (21)
3<gi(n) |Al=J j=nm)  |Al=j [Al=4
where 270(") ~ n and 271" ~ n? for some fixed ¢ €]0, 1[.

This enters the general framework of §2.1, with f; := 37\ =; Bx¥x the component of f
at scale level j, ||fll; == 2792[X i [BAP]Y2 ~ 2792 filly, An = {5 < Ga(n)}, Ay =
{j < jo(n)} and c(n) := n~Y/2. Here, V; is the space spanned by the wavelet function v,
Al =J.

If we measure the loss in the Besov norm | - ||gg(r,) for some o > 0, then according

to (4), we are in the p-sequential case, with p = 2 and with the coefficients p; given by
. — 9j(20+1)
pj =2 ( .

More general global thresholding estimators can be constructed using integral operators
which approximate the identity: in this setting the function f is approximated at scale



277 by E;f where E;f(z) = [ Ej(xz,y) f(y)dy. Here E; can either be a convolution, i.e.
Ej(z,y) = 27E(2'(z — y)), or a projection (or more generally quasi-interpolation), i.e.
Ej(z,y) = X = ¢a(x)@a(y). Introducing the “innovation” kernel, D; = Ej,; — Ej, and
setting Dy := E1, we have the formal decomposition

fi=3 Dyt (22)

>0

In the white noise model, the D;f are naturally estimated according to
. . 1
D= D= / Dj(t, s)dY (s). (23)
0

Given such an estimation procedure for the individual D;f, we can thus derive the corre-
sponding global thresholding estimator by setting f; = D;f, | fill; ~ 2792 fillL., Mn =
{i <)}, Ay = {j < jo(n)} and c(n) := n~2. Here Vj is the range of the operator D;.
If we measure the loss in the Besov norm || - [|pg(r,) for some o > 0, then it is well
known that under suitable assumptions on the kernel E; we have the norm equivalence

1B (1) ~ D_ 277 I D fIIL- (24)

J=0

Therefore, we are again in the p-sequential case, with p = 2 and with the coefficients p;

given by p; = 2/(2o+1),

2.2.3 Block thresholding using a kernel

In [11], block thresholding has been studied in the density estimation model, based on a
decomposition of the type (22).

At each level j, one considers the partition of R into intervals [, := [k2791;, (k+1)2771;],
k € 7Z, where I; > 1 is a sequence of positive numbers such that [; — +oo and 2771; — 0 as
J goes to +-o0. We then define the block B;, = X, D; [ and its estimator Bip= = X1, kD f.
The choice I; := j2, which is studied in [11], corresponds to a “logarithmic growth” of the
relative size of the blocks with respect to the resolution.

The corresponding block-thresholded estimator has the form

> D+ X SB[ Bult >k, (25)
7,k

J<ji(n) J1(n)<j<jo(n) k

where 2700 ~ n 271" ~ pe for some fixed € € 10, 1].

This enters the general framework of §2.1. with f; identified to the blocks Bjy, || filli =
G 1Bs ks An = {0 k) 5 5 < 1)}, A i={(, k) 5 § < o(n)} and e(n) := n~"/2.

If we measure the loss in the Ly = BS,2 norm, then from (24) with o = 0, we are in
the p-sequential case, with p = 2 and with the coefficients p; = p;, . given by p;; = [;. For
o > 0, the expression of the loss in By, as in (17) with p;, = [;2%7 requires smoother
cut-off than X7, , in the definition of the blocks Bj .
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3 V/(u)-spaces and approximation results

We shall introduce certain spaces related to V' which occur naturally in analyzing the
approximation performance of thresholding. The classical setting is when we use wavelet
decompositions. Then, the spaces we introduce are related to Besov spaces.

Let V be a space in which we measure error. Let p be any positive measure defined
on N (in the case of wavelet bases, p is defined on A the set of wavelet indices). For any
0 < g < oo, we define the space V(1) to be the collection of all functions in V' such that
for all € > 0,

O u({ : (lfill > e}) < A,

for some constant A. The smallest constant A(f) for which (I) is valid is the “norm ”on
V.5(1). The condition (I) is the same as saying that the sequence (|| fi[|;)iey is in the sequence
space weak £,(p). This is a slightly weaker condition than requiring that this sequence is
in 4,(p).

In §4, we shall only deal with the case when the norm on V' is p-sequential (17) with
0 < p < oo. We will utilize the measure

:U/*{Z} = Di;

where p; be the numbers appearing in (17). In this case, we shall simply write V" := V*(11%).
In §6, when we treat the non sequential case V' = L,, we shall utilize other measures p.

In the case of u*, it is easy to show that an equivalent statement to (I) is that for some
r > q, we have

) 5 wllfll = [IAITA < ebdp < B,

Il filli<e

for all € > 0 with B a constant. Moreover, the smallest constant B for which (II) is valid
is equivalent to [ f||ly;. To see this, let

Ni(f,e):=1{i: 277 e < || fills < 27 7€)
If (I) holds then, for all r > ¢, we have

Zmigemllfﬁli = ijo ZigAj(f,e) pz“fz“f
< ijo[Q_JE]f D i, (f.e) Di
S A2j20[2_JE]T_q S CAET_q.

On the other hand, if (II) holds for some r > ¢, then we have
DlfillimePi S 2oj<0 2ien;(f.e) Pi '
< 2" jco Lien (g0 Pill filli 277 €]

<UBY, 22
< (CBe 1.
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Consider now the setting of the wavelet decompositions. For each s > 0,0 < p < oo, the
space V = B5(L,) is a p-sequential space. Here f) := (f, 1%}1&,\, Vy is the one dimensional
space spanned by 4 and its norm is |(f,)|. The norm equivalence (17) holds with
pa =23 =s541/2—1/p. Thus, f € Bs(L,) is equivalent to saying that the sequence
2 £allvi)aea is in 4,

The above holds in particular when V = BY(L,), in which case py = 23®/27D_In this
case, for ¢ < p, property (II) says that f € V* if and only if

If=> Ballser,) < Ce .

|Br1>€

That is, V" is characterized by the approximation performance of wavelet thresholding in
BS(LP). If ¢ < p, the space V" is very close to a Besov space. Recall that by (I), f € V*
if and only if (5\(f))area is in weak £,(p). It is easy to see that for ¢ < p, the space of
functions f with (8x(f))aea in £4(p) is the Besov space B;(L,) with s and ¢ related by
s = (p/q—1)/2. Thus, V* can be viewed as a weak Besov space (V" = weakB;(L,). For
further discussion of thresholding and the spaces V", we refer the reader to 2]
Surprisingly, when 1 < p < oo, similar results can be obtained with Bg(Lp) replaced by
the space L,, which is not p-sequential. We close this section by mentioning some results
on thresholding in L, which will be useful in §6. These results are straightforward with
Bg(Lp) in place of L,. For p <1, similar results hold with the Hardy H, space in place of
L,
The next result was given in Lemma 5.1 of [2] and generalizes a result of Temlyakov
[24].

Lemma 1 Let 1 < p < oo and let u()\) := 2®/2=VN X € A. Then, there exists constants
Ci(p), and Cy(p) such that, for every E C A we have

Cyinf [ex[Pu(E) < || Y- exihalll, < Cosup e[ u(E).
AEE NeE AEE

Lemma 2 Let 2 < p < oo and let u(\) := 202=DN X e A, If0 < ¢ < p, then
V() C Ly.

For a proof see [2].

Lemma 3 Let 1 < p < oo, pu(\) := 2022V X € A and 0 < ¢ < p . The following
properties are equivalent:

(i) f € V() -

(i) for all e > 0, || f — X 5,15 Ol < BeP™,
for some constant B = B(f) > 0. Moreover, the smallest constant satisfying (ii) is equiv-

alent to the norm of f in V' (u).
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For a proof, see [2].
We finally recall the characterization of L, by the square function (see e.g. [17])

Lemma 4 For 1 < p < oo, there exists constants C1(p), and Cy(p) such that we have

CL I f I < I BN 2L, < Co) | f v

A€A

4 Results in the case of p-sequential norms

4.1 Result in the general setting

In this section, we shall prove a theorem (Theorem 1) which analyzes the performance
of general thresholding. The ingredients of this theorem are to assume certain properties
of the thresholding procedure (these are give in assumptions (a), (b), (c¢) of Theorem 1)
and then to characterize the functions which are approximated with a specified rate of
decrease of error in terms of the weak spaces V*. Our point is to isolate conditions on
the thresholding which are sufficient for such a characterization. The apropriateness of our
assumptions are justified in §5 where we give several examples where these assumptions
apply.

We place ourselves under the assumptions of §2.1. Thus, we assume that V is a space
which has a p-sequential case (17) with 0 < p < oo and weights p;, i € N. We recall the
weak spaces V*(p) defined in §2.3, with u(i) = p;. We shall analyze the performance of
the general estimator f™ defined by (18).

For a €]0, 1], we also define by BS = BS, a space of “basic smoothness” associated
with our procedure: f € BS if and only if

ST pillfillf < Ac(n)*, n=1,2,....
ig¢hn

We then have the following result.

Theorem 1 Let V' be a space with a p-sequential norm (17. Let o €]0, 1] and define q :=
(1—a)p. Further, let ¢(n) be a decreasing sequence tending to 0 such that limsup ¢(n)/c(n+
1) < 400. For the general thresholding estimator (18), we assume that for each n > 1, the
estimator fZ" satisfies

(a) Elff = fill? < Ce(n), i € Ay,
(b) P(|fr = filli = we(n)/2) < Ke(n)?, i € Ay \ A, for some fized v > ap,
(c)
> pi < Ce(n)™™/2 and > pi<celn)Ti (26)

i€An 1€,
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Then for f € V, the following conditions are equivalent

(i) Bl f* = fIP < Ce(n)er, n=1,2,...,

(i) f €V NBS.
Remarks:
(R1) We see that the sequence c¢(n) appears in three strongly connected points: the condi-
tions (a) and (b) which describe the rate of convergence of the “individual” estimators f"
to f;, the rate of thresholding in (18), and finally the resulting rate of convergence in (i).
(R2) Condition (a) is a usual moment condition on the sequence of estimators. Note that,
by the Cauchy-Schwartz inequality, it implies E||f* — fi||? < C'¢e(n)P. Condition (b) should
be viewed as a concentration property. As will be shown in the examples, it is often the
consequence of an exponential inequality.

4.2 Proof of Theorem 1

Here and after, C' denotes a constant which may change from one line to the next. The
p-sequential assumption (17) implies that
EILf" = fIIP ~ X2 pEIS =Ll + D0 pill fllf+ Y2 wEIL A = me(r)} = fillf. (27)
i€An i¢Ay, i€An\An

We shall make use of this equivalence in both directions of the proof.

4.2.1 (i)=(ii)
Assuming that (i) holds, we first obtain
Cv Y- pill £illf < CiE[|f" = fIIP < Ac(n), (28)
i¢An
for all n, so that f € BS. R R
Next, we remark that || f;|l; < xe(n)/2 implies || fills < [Ifi = LI{||fill: = ke(n)}];. Tt
follows that
JISllE {8 & M, [ filli < me(n)/2dp = Ziga, ) it <netmy2 Pill fillF
< Liga, Pill fill7 + Ziea o, BEIL LI i = we(n)} = fill7
< CE|fu — flIP < Ce(n)*? = Ce(n)P1.
For the indices i € \,,, we note that

/ Ifill?I{i € A, I fill: < re(n)/2}dp < (ke(n)/2)" 3 pi < Ce(n)P™, (29)

Z'EA"/

where we have used the second assumption in (26).

We thus obtain that [ || fill?Z{||fill:i < re(n)/2}dp < Ce(n)P~9 for all n > 0. Using
the condition limsup ¢(n)/c(n + 1) < 400, it is not difficult to show that this extends to
SWENETLN fills < e}du < Ceb~4, for all € < ke(1)/2. For € > ke(1)/2, the same property
immediately follows from the fact that Y=, p;|| fi||7 is bounded and ¢ < p. We thus conclude
that f € V.

13



4.2.2  (i)= (i)

Assuming now that (ii) is true, we first notice that since f € BS, the second term
g, Dill fill; on the right hand side of (27) is bounded by Cc(n)?.

The first term Yy, piE| S — fill? is also bounded by C'e(n)*? using the moment as-
sumption (a) together with the second assumption in (26).

It remains to estimate the last term Y;ep \, DiE| [T I{]| f7|li = re(n)} — fill7. This term
can be split into

So o nll AP < rem)Y + Y pES = HIFILM: > ke(n)})
i€AR\ A i€AR\ A

We further more split this sum [ + I1 into I4 + Igp + I[14 + [Ip where these terms are
defined and estimated as follows:

Iy = Eieaaw, il 2 26e(n) il filli PAIL N < me(n)}
< Ziea, Pillfill7 LIS = filli 2 me(n)}
< Ce(n)” Zieaw, Pillfill7
< Ce(n)|[fIIP < Ce(n)®,

where we have used (b) and the assumption v > a.

Is = Tieaon, L fills < 26e()}pill FillF LSRN < me(n)}
< Eienon, Hilli < 26e(n) }pill £ill7
< C(2ke(n))P~9 = Ce(n)*?,

where we have used the V* assumption in the form (II).

Iy = Sienpn, il = we(n) /23pE(|f7 = AL = me(n)})
< Ce(n)Ppdi: |[filli = re(n)/2} < Ce(n)P~1 = Ce(n)*,

where we have used (a) and the V" assumption in the form (I).

I = Yiean, HIfilli < we(n)/2Ypm(| £ = HIET{IS ] > we(n)})
< Srenm ELE = FIPILLE — il > weln)/2))
< Siennn DiEISE = LIPS = filli = re(n)/23)?
< Ce(n)Pe(n)? Siepn, pi < Ce(n)°?,

where we have used Schwarz inequality, (a), (b) and the first assumption in (26).
We thus concludes that the estimation rate (i) is statisfied.

4.3 When the BS condition is not necessary

Under certain conditions, we can avoid the extra BS condition in the statement (ii) of the
Theorem 1. This essentially occurs when the set A, is related to the ordering with the
weights p;. More precisely, we suppose that there exists 7 > —1 such that for all » > 0,

#{i; pi <r} < Kr'. (30)

14



We define A, = {i € N: p; < ¢(n)~%} for some fixed § > 0, and consider the following
thresholding estimator

=3 fr+ X Il > we(n) (31)

i€An i€An\n

Theorem 2 Let o €]0,1[. Assume that (30) holds and consider the modified thresholding
estimator (31). We suppose that the sequence of estimators ﬁ” satisfies the assumptions
(a) and (b) of Theorem 1 with v > ap and that c(n) is a decreasing sequence tending to
0 such that limsup c(n)/c(n + 1) < +o0. Setting q := (1 — a)p, we assume that 6 > g,
that v/2 — (1 +1)d +q > 0, and that Y ;e\, pi < c¢(n)~% Then, for f € V, the following
conditions are equivalent

(@) B[l f* — fI? < Ce(n)®, n=12,...,
(ii) f e V).

Proof
The proof of (i) = (ii) is exactly the same as the proof of the L} property in the first part
(i) = (ii) of Theorem 1.

For proving (ii) = (i), we again consider the equivalent expression of the loss (27) where
we replace A, by A,. We can bound the first term Y;cy piE||fi — fi||? by Cc(n)*? in the
same way as in the proof of Theorem 1.

For the second term, we remark that since f € V" and § > ¢, there exists a constant C'
such that we have

> pi<en)C

Ifilli=Cc(n)

Therefore, if i ¢ A, i.e. p; > ¢(n)~°, we necessarily have || f;|; < Cec(n). In turn, we obtain

Yowllfilll < > willfillf < Ce(n), (32)
i¢hn [l fill:<Ce(n)
where in the last inequality we used the fact that f € V. in the form of (II) of §3 with

r=np.
For the third term, the estimation of 14, Iz and I is left unchanged. For the estimation
of I1p, starting as in the proof of Theorem 1, we obtain

IIB S CC(n)p"ﬁ/ ZZGA \)\npi
< Ce(n)rt/? D pi<e(n)—¢ Di
< C’c(n)p /2 Z >0 22— le(n) =0 <p;<2—ic(n)=% Di
< Ce(n)Pt72 3027 ¢(n) =)
< Ce(n)prt/2=4( ) ) < Cc(n)P=? = Cc(n)*r

where we have used the assumption /2 — (7 4+ 1)d + ¢ > 0. O
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4.4 The supremum case

We now consider the case where the loss function is expressed by || f|lv = sup;>o pil filli-
For a €]0, 1], we define the space V¢ which consists of all functions f € V such that for all
e >0,

(D) sup | fillipi < CX*
1 lli 1<

One easily checks that (I) is equivalent to
(I1) sup || fillp; ™ < o0,
with 1/p=1/a — 1.
Let us now suppose that condition (30) is satisfied, i.e. there exists 7 > —1 such that

#{i;pi <r} < Kr". Asin §4.3, welet A, = {i € N: p; < ¢(n)~?} for some fixed § > 0,
and we consider the modified thresholding estimator (31).

Theorem 3 Let a €]0,1[. Assume that (30) holds and consider the modified thresholding
estimator (31). We suppose that the sequence of estimators fI' satisfies the assumptions

(a/) E(Supief\n fzn - sz?) < C’c(n)2, n=12..,
(b') P(sup;es, I = filli > e(n)/2) < Ke(n)', n=1,2,...,
()

ST pi < Ce(n)™ 2 and 3 p; < e(n) 4. (33)

i€An 1€,

with vy such that o < min{l + /2 — 6,7}, and with (c(n)) a decreasing sequence tending
to 0 such that limsupc(n)/c(n + 1) < 400. Moreover, we assume that 6 > 1 — « and
#(\,) < Ce(n)®*e=L. Then for f € V, the following conditions are equivalent

(i) E||f* — f|| < Ce(n)®, n=1,2,...,
(ir) feVe.
Proof:

4.4.1 (i)= (ii)

If B|| f» — f|| < Ce(n)® then sup;¢4, Pill filli < Kc(n)® by defintion fo the estimator. Next,
we remark that if || fi[|; < rc(n)/2 then || fill; < || f;— fRI{|I /7l > re(n)} ;. Tt follows that
SUDjc,, || f:]li <we(n)/2 pil filli < E(sup;es,, (| £ills <we(n)/2 pill fi = fil{|l filli = Kc(n)}]s)

< Cc(n)”.
Combining these estimates, we obtain that supy, . <.c(ny/2 Pill filli < Cc(n)®, and thus

sup pi| fills < CA%,
[Ifalli <A

for all A < ke(1)/2. For the large values of A, the above is true since || f||yv = sup; pi|| fill: <
co. Therefore f € V2.
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4.4.2  (i)= (i)

Suppose now that f € V2. We bound the estimation error by

E[|f" = fI| < CE(sup pil FPI{If7I| = we(n)} = fills) + sup pi| fill +E($£\p pill 7 = fill2)]
i€Ap i¢An 1EAn

i From the equivalent form (II) of the definition of V¢, we have for the second term the
estimate
sup pi|| f:ll: < sup p; * < Ce(n) < Ce(n)®,
igAn i¢An
where we have used that dp > (1 — a)p = «a.
For the third term, we have the estimate

E(sup pil| ' — fill:) S ECS. pill £ = fill:) < Ce(n) Y pi < Ce(n)' " #(\) < Ce(n)?,

i€An i€An i€An

where we have used the assumtion on the cardinality of A\, and the fact that if i € \,, C A,
we have p; < ¢(n)7.
It remains to estimate the first term. As in the proof of Theorem 1, we write

E(sup pil| [T fT = ke(n)} = fill < Ta+ I+ [1a+ I,
€Ay,

where these four terms are defined and estimated as follows.

In = Bsup,ex, 1 st PG < re(m)})
< E(SUPiei,, ol m2netn) Pell Al LU = filli = me(n)})
< [fllvP{supser, Ifi* = filli = we)n)}
< Ce(n)?” < Ce(n)e,
Ip = E(Supici, | g1 <anctn) Pill filiL LAl < we(n)})
< Sup| 1., <2nen) Pill fill:
< Ce(n)?,

directly from the V2 assumption.

Iy = ]E(SUPz'e[xn,||fi|\iznc(n)/2 pill /7" - Sillil LNl = ke(n)})
< SUD| £, |1, >keln) /2 Pz‘E(SUPze]\Q 17— fills)
< Ce(n) U PE(supyez, [1f" = fill:)
< Ce(n) U R(sup,5 || f7 = fill:)
< Cc(n)?/0+0) = Cc(n)®,

where we have used that f € V2 in the form of (II) and then (a’).
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Ilp = E(Supief\n,ﬂfi||i<nc(n)/2pi”le - fiHif{Hfin > re(n)})
< E(SUPei, | fofi<me(my/2 Pill i = FillL LS = fille = meln)/2})
< (supyeq, o) (B f = Ll 2P = Ke(n)})?
< Cc(n)~°c(n)e(n)?/?,

where we used in the last inequality the definition of A, and (a’) and (b").

5 Examples

We shall now show how Theorems 1-3 can be applied to specific thresholding estimators
based on wavelet decompositions. We shall restrict our examples to the settings put forward
in §2.

5.1 Local Thresholding

We consider the setting of §2.2.1. The thresholding estimator f” is given by (19) with the

thresholding parameter ¢(n) = (128012 which was introduced in [7]. Thus A, = 0 and

n

An = A, = {\ [N < jo(n)} with jo(n) defined by the relation 2700 ~ e The space

ogn’
V' can be taken as any of the Besov spaces By (L,) (with p = oo in Theorem 3), o > 0.
The Besov norm || - [|pg(z,) is a p-sequential measurement of the loss with the weights

py = 20P+p/2=DA N e AL

We shall discuss the conditions of Theorems 1-3 for the white noise model (5). In this
case, the f"— f; form an orthonormal sequence of iid N (0, 1/n) variables. Consider first the
conditions of Theorem 1. The properties (a) and (b) are very classical. Let us only remark
that in fact for any arbitrary v > 0, there exists k() such that (b) is fulfilled, since using
the concentration properties of the Gaussian measure, we have P(|X| > \) < 2exp(—A?/2).
Concerning condition (c) of Theorem 1, one has that Y yea, pa = 2;10:(3) 279i(optp/2-1) ~
(c(n))~e+DP_ Hence, the first requirement in (c) is satisfied provided that ¢ + v/2 >
(20 + 1)p. By our remarks that 7 can be chosen arbitrarily large we see that the first
condition of (c) is always satisfied. The second condition in (c¢) is satisfied automatically
since )\, = (). Hence, all conditions are satisfied with no restrictions on the parameters.

We can also apply Theorem 2 with the same thresholding estimator (19). We need to
check condition (30). From the definition of the p,, we see that this condition is satisfied
provided op+p—1>0and 7 > (op+p—1)~" (note that we need only need to check (30)
for r > 1 since for r < 1 the set in (30) is empty). We shall take 7 := (op+p —1)"L. If we
take § := 2(op 4 p/2 — 1) then the set A,, = A,, and the estimator of Theorem 2 coincides
with (19). We also have the requirement in Theorem 2 that 6 > ¢ = (1 — a)p. This will
be satisfied with the above choice of § provided o — 1/p > —a/2. The final condition
v/2 — (T +2)§ + q¢ > 0 will be satisfied if 7 is sufficiently large. Since, as observed earlier,
we can choose v as large as we wish, Theorem 2 is applicable whenever o — 1/p > —«/2
provided + is sufficiently large.

18



Regarding the application of Theorem 3 in this setting, all conditions of that theorem
are satisfied if v is sufficiently large.
With these calculations behind us, we see that Theorem 1-3 give the following theorem.

Theorem 4 Let0 < p < 00,0 >0, a €]0,1] and g = (1 —a)p. Let k = k() be associated
to any sufficiently large v (e.g. v > (7+28)+q will suffice). For the thresholding estimator
(19) we have that the maximal space G consisting of those functions f € V = By ([0,1])
such that

5 logn .,
Ean - f”% S C(T) p/2>
coincides with:

1. The weak space V), i.e. WB;(L,), with s = op/q+(p/q—1)/2, in the case o —1/p >
—a/2 (by application of Theorem 2),

2. The intersection V' N BY/**7(L,) in the case 0 — 1/p < —a/2 (by application of
Theorem 1).

3. In the case where p = oo, with k = k() associated to any sufficiently large -y, the
mazimal space G consisting of those functions f € V = B, ([0,1]) such that

; logn .,
Ellfa — flly < C(E0) 2,

coincides with the space Vi = B3, with o = 2(s — o) /(1 + 2s) (by application of
Theorem 3).

Remarks

(R1) Note that the rate of convergence obtained here is minimax since it is known to be
minimax for Bj  which is a subspace of W By .

(R2) We discussed the case of a white noise model. Of course, the same result holds for
the regression case at least with Gaussian errors. In the density estimation, the result is
still true if the maximal space includes L* since in this case it seems necessary to assume
f bounded in order to obtain the concentration property (b) (see [7]).

-This result can easily be extended to the estimation of multivariate functions, using
isotropic tensor product type wavelets which characterize Besov spaces in several dimen-
sions.

5.2 Global thresholding

This technique was described in §2.2.2, with the Besov norm || - ||gg(z,) as a p-sequential
measurement of the loss (with p = 2), and weights p; := 2(2+1J. The threshold estimator
f™ is given by (21) with the thresholding parameter ¢(n) = n~'/? and with jo(n) and j;(n)
chosen so that 270(") ~ n and 271" ~ n¢ .
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We wish to apply Theorem 2, and therefore, we check that the conditions of this theorem
are satisfied. Note that § = 2. jFrom the definition of the p;, we have that

. log r
#{JSPJ‘ST}S?-

Therefore, condition (30) is satisfied for any 7 > 0 (note that we need only check this
condition for r > 1 since the set in (30) is empty if » < 1). Condition (a) is immediate to
prove. We also easily obtain that for any arbitrary +, there exists () such that (b) is true,
since P{27n >y, |6y — B> > C} = P{X, Y > 27C} where the Y; are C'27 independent
N(0,1) random variables. Hence P{>;Y;? > 2/C} < exp{—27h(C)} < exp{—n°h(C)}
where h is the Cramer transform of Y;? and ¢ the parameter such that 271" ~ n°. Since we
are working on a finite interval, e.g. [0, 1], we can also write Y-;c\ p; = 1 —1—2?12(3) 2120 +1) <
Cc(n)~227+t1)2_ So the condition on ), in Theorem 2 is satisfied if 2(20 4+ 1)e > ¢. The
condition 0 > ¢ is automatically satisfied since 6 = 2 and ¢ = (1 — «)2.
Application of Theorem 2 then gives the following

Theorem 5 Leta €]0,1[, ¢ = 2(1—a) < 2(20+1)e and assume that k = k(7y) is associated

to any sufficiently large v (e.g. v > 4o will do). Then the mazimal space G consisting of
those functions f € V.= BJ(Ls[0,1]) such that

E|lf"— fIIy < Cn®,
coincides with V;*.

Remarks

(R1) The space V" is turns out to be a weak space for B3(L,), s = o +t where t > 0 is
such that o = 4¢/(1+ 2t). Again the rate of convergence is minimax since it is for B3(L,).
(R2) If we want to compare global thresholding with local thresholding, we find that the
rate of convergence is better (since ¢(n) does not contain any additional logarithmic term)
but the space B3(Lg) is smaller than B;(L,) (and the the same is true for their associated
the weak spaces).

5.3 Block thresholding using kernel

In this case, described in §2.2.3, we give without details the application of Theorem 1.
Here we only consider the L2-loss. It is not surprizing that we obtain intermediate results
between local and global thresholdings in terms of the magnitude of the maximal space, for
projection kernels associated to a multiresolution analysis. Let us mention however that
the maximal spaces obtained with other kernels are much more difficult to identify.

We define B;”{,i the space of functions f such that || D;f]|3 < C(j27)~*. We then have
the following.
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Theorem 6 The maximal space G consisting of those functions f € V = L*([0,1]) such
that X
Ean - f”%/ S Cn_aa

coincides with the intersection of Ly (1) and ng

6 L,-loss in the local thresholding framework

The key-point of t§4 was the sequential form of the norm and all the calculations highly rely
on this fact. A natural question arises: what happens if one uses the L,-loss which is not
p-sequential when p # 2 7 We shall answer this question in the case of local thresholding
and show that, when 1 < p < oo, the saturation results are the same for L, as for Bg(Lp).

6.1 Statement of the result

For simplicity, we consider the setting of wavelet decompositions on the interval [0, 1] and
we shall take the thresholding parameter ¢(n) = (%)” 2 which was introduced in [7]. We
define

An={reA; 27 W <cn)},

and the corresponding thresholding estimator

fo="3" BI{IB > ke(n) s

AEA,

For p fixed in |1, 00, we set p(A) = 2@/27DA and define L} (1) the corresponding weak
space.

Let us make some observations which show that the estimators f™ satisty the conditions
of §4.1 for the space B)(L,). Note that A, = (). Let N := N(n) be defined by 2V = - =

" logn
¢(n)2. This means that A,, = {\: |\ < N} and therefore

N
w(A,) = Z o(p/2=1)IAl — Zij/Q < C2NP/2 = Ce(n)7P. (34)

AN Jj=0

Also, for the p-sequential space B)(L,), we have py = () and therefore

> pa=pAn) < Ce(n)? (35)

This means that condition (c) of Theorem 1 applies for the space V' = BJ(L,) provided
v > ap. We now show that we can replace By (L,) by L, in that theorem.

Theorem 7 Let 0 < q < p and a > 0 such that ¢ = (1 — a)p. We assume that the
estimators 3% satisfy
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(a) E|G} — By < Ce(n)?, A € A,
(b) P(|fy = Ba| > ke(n)/2) < Ke(n)), A€ A,
with v > 2ap. Then the following are equivalent
(i) Ell fo = fII7, < Ce(n)er
(i) f € Vy () N BYL(Ly).
6.2 Proof of Theorem 7
6.2.1 (i) = (ii)

We assume E|| f,, — fll7, < Ce(n)*?, n=1,2,.... Since (Y)rea is an unconditional basis
of L,, we first obtain as an immediate consequence

1> Byiallz, < CE|f* = flI7, < Ce(n)™, (36)

AgA,

and

E| 3 (B = BB = ke(m)Dually, < CE|f* — [, < Ce(n)™. (37)

AEA,
The estimate (36) is equivalent to
I>° Baenllz, < C22,
[Al=j
for all j >0, i.e. f € BY?(L,).

Next, observe that |3y| < ke(n)/2 implies |8y < |8y — BI{|fx| > ke(n)}]. Since
(¢x)rea is an unconditional basis of L,, we have

Hf - Z|ﬂ>\|znc(n)/2 /BAIDAHZ/;I, || Z\,BAKnc(n )/2 ﬁ)\w)\HLp

< Ol Zaga, BT, + | Exern 8] tearemys2 Oxallz, ]
< Cle(n) + || Xaean,|8: | <ne(n) )/2 ﬂA?/JAHLp]
< Cle(n)* + E|| Caen, (Br — SuI{|Br > we(n n) il

Combining with (37), we obtain the estimate

IF= S Bl <Cen)®, n=1,2....

|BAlZKc(n)/2

By Lemma 3, we conclude that f € V*(1).
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6.2.2 (ii) = (i)
We first remark that for each n =1,2,.. .,
Bl fr = fII, < CEI Y (8= BI{B = se(m)Neally, + 1 > Aallt,]

AEA, AR

The second term is bounded by C'c(n)*® since f € BY/2(L,). For the first term, in the case
1 < p < 2, we use our remarks from the begining of this section that Theorem 1 holds for
B)(Ly). Since || - [|» < C| - | Bo(L,), We immediately obtain

Bl Saen, (B — B {|3s] = re(m) Dl
< O8] Saen, (Bh — AI{IB2] = re(m)}inllyy < Celn)?,

where we have used Theorem 1.
When p > 2, we first use the square function characterization of Lemma 4 to obtain

Ell Saca, (B = BI{IB] = re(m) el
<E [ (Saea, [(Br = BI{IB] > we(n)} )i |/22>”/2
</ [ZAeAn, AP (Pa(185] < %C(n)))z/pr

I [ Saann [ PEI{IA] > nem}( — B
= I+1I.

where we have used the generalized Minkowski inequality in the second inequality.
Up to a multiplicative constant, we can bound I+ 11 by [+ g+ 114+ I where these
terms (similar to those in the proof of Theorem 1) are defined and estimated as follows:

Li = J [ Saenn, psanctm 1Bxtr 2P < re(m)?7]"

5 p/2
< S [Saenn, 18sf52ectmy B P18y = Ba] > ke(n))*7]
< Ce(n)[| Laen, BallL, < Cen)|I £z, < Celn)?|fI[L,,
where we have used the concentration property (b) and the fact that v > 2ap > ap.

I =][ [ZAeAn, |Bx|<2ke(n) |5A¢A|2(P(|BA| S ’”“C(n)))wprp

p/2
< f [Z|ﬁ>\|§2nc(n) |ﬁ)\¢>\|2:|
< O 283 1200m) B,
< Ce(n)™,
where the last inequality stems from Lemma 3.

I = [Saennisrioneonss WAEI{IG] > rem)}H(By — B)1)>*]""

p/2
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where we have used assumption (a), Lemma 1, and in the last inequality the assumption
that f € V(1).

15 = [ [Sacaniimincose 032 EI{I5] > ne(m)} (6 - 617"
~ ~ 2
<7J [ZAGAn,IﬂﬂSHC(n)/? [UA2(P(|8x — Bal > Ke(n)/2))YP(E|(By — ﬁA)|2p)1/p]p/
p/2
< Ce(n)pH/2 [ [Z)\EATL,\BA\SHC(”)/Q W)‘H /

< Ce(n)P2|| Sen, all7,
< Ce(n)P™2u(A,) < Ce(n)/? < Ce(n)op,

where we have used Schwarz inequality, Lemma 1, assumptions (a) and (b), the property
w(A,) < Cc(n)~P, and the fact that v > ap.
This concludes the proof of the theorem.

Remark

In Theorem 7, B/ %(L,) plays the same role as BS in Theorem 1. When p > ¢ + 2, it is
easy to check that for f € LP, the property f € V() implies f € B%/%(L,), so that the
“basic smoothness” assumption is redundant in (ii).

7 Concluding remarks
Throughout this paper, we have proved in various settings results of the type
f € Vo ift B(|f" = fI}) < Ce(n), (38)

where V,, is a subspace of V' with an intrinsic definition in terms of the atomic decomposition
involved in the thresholding procedure.

Although it does not appears explicitly in our computations, there is a more precise
dependence between the constant C' in the above estimation rate and the norm (or quasi-
norm) || flv,: we could actually prove the equivalence

I, ~ NI + sup c(n)~PE(| f" = fII})- (39)

It is also interesting to note that, by a discrete Hardy inequality, we can obtain an
equivalent statement to (38) of the form

f € Va iff B(|f? — fMI) < Celn)™". (40)

(provided that the estimator f@ is known to converge to f). In this alternate statement,
the rate of decay of E(||f** — f"[|{;) - which can be empirically estimated in contrast to
E(|[f™ — f||¥,) - provides a way to estimate the smoothness of the unknown function f.
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