KOLMOGOROV AND LINEAR WIDTHS OF WEIGHTED
SOBOLEV-TYPE CLASSES ON A FINITE INTERVAL II

V. N. KONOVALOV AND D. LEVIATAN!

ABSTRACT. Let I be a finite interval, » € N and p(t) = dist{t,dI}, ¢ € I. Denote by

AWy o, 0 < a < oo, the class of functions z on I with the seminorm ||x(7’)p°‘||Lp <1 for

which Afz, 7 > 0, is nonnegative on I. We obtain two-sided estimates of the Kolmogorov

widths dn (A5 Wy ), and of the linear widths dn, (Aiwga)gn7 s=0,1,...,r+1.
’ q ’ q

§1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let X be a real linear space of vectors x with norm ||z||x, W C X, W # (), and L", a
subspace in X of dimension dim L™ < n, n > 0. Let M™ = M™(z") := 2° + L™ be a shift
of the subspace L™ by an arbitrary vector z° € X. Let

E(z,M™)x := inf |lz—
(0. M")x = inf o= y]lx.

denote the best approximation of the vector x € X by M", and let
(1.1) E(W,M")x := sup E(z, M")x,
zeW
denote the distance between the sets W and M™.
The Kolmogorov n-width of W is defined by
(1.2) dn(W)x = }\?f EW,M™")x, n>0.
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We also let A(X, L") be the set of all linear maps A : X — L™. Then

EW,L™)%" =  inf —A
(W, L™)¥ AeAl(%QLn)mSélg/“l. x|l x

denotes the best linear approximation of the set W by L™. The linear n-width of W is
defined by

) lin — i n\lin > 0.
(1.3) dn (W)X L}LanXE(WvL )X n=>0

Let I be a finite interval in R, and let » € N and 0 < o < o0. For 1 < p < o0, and
p(t) .= dist{t,0I}, t € I, we denote

Wy o= W;}a(I) ={z: I >R| 2= ¢ ACe(I), ||$(T)pa||Lp(I) <1}

If @ = 0, then we write W := W} (I) := W] (I). We also write L, for Ly(I). Let

S

AP x(t) = Z(_1)S—k <Z>a;(t +k7), {t,t+st}ClI, s=0,1,...,
k=0

be the s-th difference of the function z, with step 7 > 0, and denote by AL W, =
AWy (I), s = 0,1,... the subclasses of functions = € W, , for which Ajz(t) > 0,
for all 7 > 0 such that [t,t + s7] C I. If @ = 0, then we write W := W (I) and
AW = AS W) o (I). We also write L, for Ly(I). Throughout this paper we take the
generic finite interval I = [—1,1].

The behavior of the Kolmogorov and linear widths in the classical case o = 0, i.e., for
the Sobolev classes W, = W/, has been thoroughly investigated. We refer the interested
reader to the list of references for earlier results. We have recently proved [8],

Theorem KL1. Let I be a finite interval and let r € N, 1 < p,q < 00 and 0 < o < 00,
be so thatr—a—%—l—% > 0. If (r,p) # (1,1), and if (r,p) = (1,1) and 1 < q < 2, then

_ 1 1y 11
dn(Wy o), = n~"Hmedadmmeda s e oy >,

where (u)4 := max{u, 0} and a,, < b, means that there exist constants 0 < C; < Cs, such

that Ciay, < b, < Caay, Yn. If on the other hand, (r,p) = (1,1) and 2 < q < oo, then

3
en~7 < dn(Wll’a)Lq < cn3 (log(n+1))2, n>1,
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where c; > 0 and co do not depend on n.

It turns out that the Kolmogorov widths of the smaller classes AW} ,, 0 < s <, are,

P,

in general, of the same order of magnitude as those of the classes W ,. However, they are

significantly smaller for the class ATIWI’;Q. Thus we first have

Theorem 1. Letr € N, 1 <p,q < o0 and 0 < a < o0, be so thatr—a—%—l—é > 0. If
(r,p) # (1,1) and if (r,p) = (1,1) and 1 < q < 2, then for each s =0,1,...,r,

(1.4) dn(AiW;;,a)Lq - n—r-i—(max{%v%}—max{%:%}H. n>r.

If on the other hand, (r,p) = (1,1) and 2 < q < oo, then for s = 0,1,

ol

(1.5) cn~7 < dn (AW )1, < con”? (log(n +1))%, n>1,

where ¢;1 > 0 and co do not depend on n.
But in case s = r + 1, we prove the following.

Theorem 2. Letr € N, 1 < p,q < o0 and 0 < a < 0, besothatr—a—%+%>0.
Then

(1.6) d (AW p, =T Tmedeel g sy

For linear widths we have proved the following ([8]).

Theorem KL2. Letr € N, 1 <p,g < o0 and 0 < a < oo be so thatr—a—%—k% > 0.
If (r,p) # (1,1), or if (r,p) = (1,1) and 1 < ¢ < 2, and if (r,q) = (1,00) and 2 < p < o0,
then

dn(Wg,a)%Z . n—T-i-(%—%)+—miﬂ{(%—%)+7(%—%)+}, n>r

If on the other hand, (r,p) = (1,1) and 2 < q < oo, then

ol

cn”? < d"(Wll,a)%Z < con~2 (log(n+1))2, n>1,
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and if (r,q) = (1,00) and 1 < p < 2, then

cin

Nl

. 3
<dp (WL < con%(log(n+1))?, n>1,

where ¢; > 0 and co do not depend on n.

We have here the same phenomenon as for the Kolmogorov widths, namely, the linear

widths of the smaller classes AiW’"

par 0 < s <7, are, in general, of the same order of

magnitude as those of the classes W . However, they are significantly smaller for the
g p,ox y g y

class ATIWIQQ. Here we have

Theorem 3. Letr € N, 1 <p,q < o0 and 0 < a < oo, be so thatr—a—%—k% > 0. If
(r,p) # (1,1), or if (r,p) = (1,1) and 1 < ¢ < 2 and if (r,q) = (1,00) and 2 < p < o0,

then for each s =0,1,...,r,
(17) dn(AiW;a)lEz - n—r+(%_%)+—min{(%_%)+: %_%)—0—}7 n>r.

If on the other hand, (r,p) = (1,1) and 2 < q < oo then for s = 0,1,

=

(1.8) can”? < dn(AiWia)lle < con”3 (log(n + 1))%, n>1,

and if (r,q) = (1,00) and 1 < p < 2, then for s =0,1,

n|=
(M1

(1.9) cin”? <dn(ASW, )" < con” % (log(n+1))2, n>1,

where ¢;1 > 0 and co do not depend on n.
And in case s = r + 1, we show that
Theorem 4. Letr € N, 1 < p,q < 00 and 0 < a < o0, be so thatr—a—%—f—é > 0.

Then

(1.10) dn (AW Yl < mmedand o sy

Remark. Note that for each fixed ¢ and all p such that r —a — ;1) + % > 0, the Kolmogorov

and linear widths of the classes ATIW;Q are of the same order of magnitude.
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§2. KOLMOGOROW WIDTHS OF THE CLASSES A W] , IN L,~ AUXILIARY LEMMAS

Forn € Nand 1 < p < oo, let [} denote, as usual, the space of vectors z = (T1,...,Ty,) €

R™ with the norm

1
folly = { (St ) ?, 1< <
p

max;—1,..n |Zi|, P= 00,

and let B} be its unit ball. We recall the following lemmas.

Lemma KPS. (see [7], [13] and [16]) Let m,n € N be so that m < n. Then

Ao (B} )1y = (1 . T)% .

n

Lemma G1. (see [1]) Let m,n € N be so that m < n, and set

;

Q =

)Gy

max{n%_%, (1 — %) (%

if 1<p<q<2,
max{n%_%,min{l,n%m_%}(l — m)%}7

(2.1) Q(m,n,p,q) = _
if 1<p<2<q<oo,

A

1 1

(min{l,n%m_% }) (5_5)/(%_%),

L if 2<p<qg<oo

Then for any 1 < p < q < 00,

(2.2) dm (By),. < ®(m,n,p,q),

q

where the constants in these two-sided estimates are independent of m and n.

Lemma K. (see [5]) Let m,n € N be so that m < n. Then

[M[Y)

(2.3) Ay (BY)y, < em™ (l—i—log%) ,

where ¢ > 0 s an absolute constant.

Finally,



Lemma PS. (see [14] and [17]) Let m,n € N be so that m < n. Then for any 1 < q <

p < o0

=

(2.4) dm (By) . = (n— m)%_ .

q
We need some more lemmas and begin with some notation. Let Y™ := {y(i)}?zl be a

system of vectors in X, and let 1 < p < oo. The set
n .

S;(Y”) = {y |y = Zaiy(’), a=(ay,...,an) ER" a;>0,i=1,...,n, ||Cl||lg < 1},
i=1

is called a positive p-sector over the system Y” in X, and we denote —S; (Y”) = {y |

—y € S’I‘f (Y”) } The following lemma is a consequence of Lemmas KPS and PS.

Lemma 1. Let m,n € N be so that m < n, and let 1 < p,q < co. If E" := {e(i)}?zl
denotes the standard system of the vectors eV) = (1,0,...,0), ..., e™ =(0,...,0,1) in
R™, then

Nl
Q=

)..

. 1 s L m+1\2)
(25)  du(SH(E ))lnzmax{§n p(n—m)q,(l— ) }n (

q n

Proof. First n~ 7 S%, (E™) C S (E™), where we observe that Sf (E™) is just the Lo, ball

of radius % about z° = (%, ey %) Thus, by virtue of Lemma PS it follows that for every
1 <p,q < oo,

(S5 (5)),, 2 n™ b (S2.(57),,
(2.6)

1

=5 (n — m)%
At the same time,
dm(sfr(En))zg = dm+1(B?)lg'

For B} is the convex hull of S; (E”) uU-S; (E”), and we approximate it at least as well
by the linear span of the m-dimensional linear manifold, which is in general of dimension

m + 1. Hence by Lemma KPS we have

m—f—l)é

(S5 (B7) > (1=
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and since S; (E”) C SJ (E”), 1 < p < o0, we conclude that

(57 (B7) = (1- ’”“)%-

2 n

If 1 <gq <2, then [|z[[;» > ||z[ip so that

m—+ 1
n

(2.7) 4 (S (B")),, > (1_ ) 1 <p< oo,

and if 2 < ¢ < oo, then [[z[|;» > ni=? ||lz||iz whence

1
1 2
n

N

(2.8) A (S (B™)),, >t~

Combining (2.6) through (2.8), completes the proof of Lemma 1. O

Next we have

Lemma 2. Letn € Nand 1 < p,q < oo. Given a; > 0, and b; > 0,7 =1,...,n, let

T:=(T1,...,T,) belong to the set
1

. p -

o) 1,—) {Timz01<i<n (S (Sinn) ) <1 1<p<e,
{r:7,>0,1<i<n, maxi<i<n biTi <1}, p = 0.
Let
1
" oalrdya <
210 o | St <acs
maxi<i<n %;Ti, q = 0.

Then setting an4+1 := 0 and % + z% =1,

1
N

—1\P'\ 7
(2.11) max f, (1) < (Z?zl (lai — aia| 7" ) . l<p<oo,
TeT), a - 1
MaXi<i<n |@; — Giy1|b; ", p=

Note that the estimates in (2.11) are independent of g.

Proof. Since

n % n
(zaw) <Y 1<i<o
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we may assume that ¢ = 1. Thus substituting

i
97; = bz(ZTk)7 izl,...,n, i.e., 7'1:b1_191, Ti:bi_lei—bi__llei_l, i:2,...,n,
k=1

then, applying the Abelian transformation, (2.10) takes the form

n

g(0) == fi(r) = Z (ai — aiz1) b '6;,

i=1
where a,,4+1 := 0, and the set T}, of (2.9) becomes

o p _ [{oserto < <h0,, (DL ) <1}, 1<p <o,
g {0 S b1_191 <... S b;len, maxi<i<n 91 S 1}, p = OC.

Clearly ©, C B}, thus we will instead estimate the linear functional g(), over the bigger

set. But this is just the norm ||g[|,, that is, (2.11). O
Finally, the following lemma is straightforward.

Lemma 3. LetreN, 1 <p,g<oo and < a < oo, be so thatr—a—%—k% > 0. Then
T € A:LHW;;Q if and only if "= € ACjoc and it is convez in I, ||z p®||L, <1 and 2™

s equal a.e. on I to a nondecreasing function.

§3. KOLMOGOROV WIDTHS OF THE CLASSES A5 W

p,a?

0<s<r

We begin with a construction that will be used in proving the lower bounds in Theorems

1 and 2. To this end, let m, N € N and set d,, n := Now let,

2
(m+1)N "
tm,Ni = —14+ 0y N, 1=0,1,...,(m+1)N,

and

L Ny 2= [t Ny (mt1) (= 1) Em N (ma D) = 1) 4] &= 1,00y IV,
Foreachi=1,..., N, set

_1 1

(B Ympnit) = 0 — (= twwmenn)y = (= tmy i)} )
8



so that

m—1
wfn,p,N),i(t)
0, U <l N,(m+1)(i—1)
(3.2) _1
= 0,y (t =t N (mt1)(i=1))s  Em N (mt1)(i=1) < E < tm N, (m41)(i=1)+1>
1—1
O N3 t > Ly N (mA41)(i—1)+15
and
0, t<tmNmin)-1) and >t N (my1)(i—1)+1s
(33)  dpwailt) = { 1
O N b, N, (m+1)(i—1) < <tm N (m+1)(i—1)+1-

It is clear that vy, , vi(-) € AW, s =0,1,...,m. Evidently, for all 4,5 = 1,..., N,

J

m,N,j

m,N m,N
AF Wmp,Ni(t)dE = / / / 1/)("27]\, [T Ty dTy - dTyy d
m N,j

so that it follows from (3.3) that

m,N m,N
(3-4) / / / YU it T ) T T dt =0, £

mN]

On the other hand when j = ¢ we take t € I, n; and for 7 := (74, ..., 7,), we denote
SmNi() = {T |7 >0, 1<k <m, 71+ + T <t N (mt1)(i—1)41 — L} -

Then
Sm,N,i(8) = (b, Ny (mt1)(i—1)41 — £) ST (E™),

and wm Nt T+ T) =0if 7 & Sy n,i(t). Thus by (3.3) we obtain,

m,N m,N
/ / / 1/)(7le (t+71- -+ Tm)dry -+ dTp dt
mNz
—5mN/ / dr dt
mN@ mNz(t)

(3.5)
:6mNm! /zm,N,i(tm"’(m“)(l e —t)" dt
. 1 m+1—%
(m+ 1)1 ™V



Hence

) 27m  (m+ 1) "
2 m&;N/ AT Wmpn,i(t) dt = N~
N, ’7 (m+1)! 2
(3.6) R it
q p 1
= )™ s e N~
DN
Define the discretization operators
Lysx = Ap Nt i= (yl, . ..,yN) € lév,
by setting
11
(3.7) gy = 2—m57;gN/ AT a(t)ydr, j=1,...,N,
9 Im,N,j s
where
[m,N,j = (tm,N,(m+1)(j—1)7 tm,N,(m+1)(j—1)+1)7 J=1... N7
so that |1, n j| = 6m, . Then for x € L,
(3.8) lell g, > 1A gl

Indeed, for 1 < q < o0, it follows by Holder’s and Jensen’s inequalities that

m
6m,N
T .

)™ ’“( ) (t + kb ) di

m,N,j m N.j k=0
m q
m
< (Z <k> /1 ot + Kb ) dt)
k=0 m,N,j
m —1 S —m [T q
< 2™|L,, N |7 22 <k>/1 |z(t + kb, n)|" dt

m,N,j

< 2magh ;{,Z/ t 4 kbmn)|? dt,
mNJ

10
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which in turn yields

1
q

N X N q
(i) = [k | [ Ay
j=1 j=1 Im,N.j
N m a
S 5) S RN T
j=1k=0"Im.N.;
1
q
= ([letorat)” = el
I
and (3.8) is proved for 1 < g < oo. If ¢ = 00, then
| = 2-mg ! mop(t) dt
1r§'aéXN|yJ| lg.aév m,N /ImNj 5m,N£E( )
" m
—ms—1
< max 2 5m7NZ<k>/I Nt + ko) dt
k=0 m,N,j
< t)| =
< s lo(0)] = el

and (3.8) is proved for ¢ = oc.

We are ready to prove Theorem 1.

Proof of Theorem 1. Since A{W; , C W/

P,

then obviously the upper bounds in (1.4)
and (1.5) follow from Theorem KL1. Thus we have to prove only the lower bounds. Then

again in view of the inclusion A3 W) C AL W), 0 < a < oo, it suffices to prove that

p,a?

11

(3.9) d,, (AiW;)L > cn_r+(max %,%}—max 92 )+,n >,

Set W) = {¢T,P7N7i(')}¢]i17 where ¢, , n; was defined in (3.1) with m = r, and denote
by S; (\If,].\fp) the positive p-sector over the system ‘I’fp. Then it follows by (3.3) that
St (\Ilfp) C A5 W) for all s =0,1,...,r. Hence

(3.10) h (ML), > d (S5 (¥1))

Denote

0 = An (), i=1,.. N
11



N
and let U {w(g ON } . Then (3.8) implies

(3.11) dn (S5 (U7)) 1, = dn (S (rp.q)) i
If we set )
’ r+5—3a
Crpa (r+ 1)! (r+1) ;

then from (3.6) we get,
,%b?{?;v(LN = Cr7p7qN_r+%_%e(i)7 7’ - 17 ey N7
where we recall that e® = (0,...,0,1,0,...,0) (with the 1 in the ith coordinate), so that

SE(WN ) =Crp N HeTa5H (EV).

p ™p,q

In conclusion,

(3.12) dn (S (WY ))Lq:C’hp,qN_’"Jr%_%dn (SF(BEN))x 5

™D,q

which by virtue of (3.10) and (3.11) becomes

d (A8 W)

p)L, 2 Chp,qN_H%_%dn (Sy (EY)) 0<s<m

Finally, substituting N = 4n, we get by (2.5),

dn (ASWy), > cn —’“+——ad (S (E*™))

l4n

1
1 1\?2
> cn ™+t m {2 zl) 4n — n)% (1 — n4—; ) (4n)~ %_%”}

1 1 1 1
n~rta, (z— g)+}
n T+(max{p72} max{q,g})_,_’ nEN

el 1
> en” " TP 77 max

where ¢ = ¢(r, p, q). This completes the proof of (3.9) and concludes the proof of Theorem

1. O
12



§4. KOLMOGOROV WIDTHS OF THE CLASSES ATIWT

Py
It is not surprising that we have smaller widths for these classes as the elements in
ATIW;@ have a nondecreasing rth derivative thus their r 4 1st derivative exists a.e. and

is locally in Ly in I. Indeed, we are using this in both directions in the following proof.

Proof of Theorem 2. We begin with the shorter proof of the lower bounds in (1.6). Since
AW C AT

P,

0 < a < oo, it suffices to prove that

(4.1) d (ATWEL), >enrmmadGE) o >

q

To this end recall the functions 9,411 5, from (3.1) with m =7+ 1 and p = 1. Then by
(3.2), ||¢7('7-21,1,N,i||Loo =1, so that ¥,41,1,n; € ATTTWZ. Hence, if we denote N =
{1/)r+1717N7,~(~)}£\;1, and we let 7 (WL, ;) be the positive 1-sector over the system WX, ,,

then S (\If,],vﬂ,l) C ATF'WE, whence

(4.2) dn (MWL) > do (ST (900)),

q

Now we apply the discretization operators A,41 n,, which were defined by (3.7) with
m = r + 1, to obtain wr('i—{)—l,l,q,N = Ary1Nq¥r+11,8,(-), ¢ = 1,..., N, and the system

. N
UV { f}jLLNﬂ} - Then like (3.10), it follows by (3.8) that

dn (ST (‘I’rlyﬂ,l))Lq > dp (S (\Ijv{v+1717q))lé\"

Now, by virtue of (3.12) we have

dn, (ST (\Ijv{v+1717q))Lq - CT+1717qN_(T+1)+1_%dn (S;r (EN))JN :

q

Therefore, taking N = 4n and combining with (4.2) we obtain
o (MWL), 2 e b (ST (B)),,
1
1 1\?
>en " max{§(4n)_1(4n — n)%, <1 e > (4n)_(%_%)+}

> cn_r_max{%é}, n €N,
13




where ¢ = ¢(r, ¢). This completes the proof of (4.1).

We now turn to the proof of the upper bounds. We apply an extension of ideas of
V. M. Tikhomirov for obtaining the Kolmogorov widths of the classes Ainl in L,. We
are indebted to Tikhomirov for improving our previous proof of this direction. Following

Tikhomirov, we reduce our problem to that of the isoperimetric problem in R™. We fix

(4.3) B><r—l—é> <r—a—%+$>_l,

and let
(1.0 s =1 (55, =01,
. n7i = ,anvi = 3

—1+ ()7, i=—n,.., -1
Set

[tni—latni]v izl""’n’
45 Lii=1Igni=17 . "
(4.5) o Pt {[tnmtn,iﬂ], t=-n,...,~L

Denote by Iy i(z;t), t € I, 4 = £1,...,4+(n — 1), the Lagrange polynomials of degree
r, which interpolate x € ATIW;Q at the r + 1 equidistant points ¢, ; 5, k = 0,1...,7,

partitioning Iy, ;, that is,
bomi (@it ik) =2 (tnik), k=0,1,...,r, i==1,...,£(n—1),
and set

lr,n,i(l';t)a (S Inﬂ;, 1= :|:1, ey ﬂ:(n — 1)7

lr,n,:l:(n—l) ('T; t): (S In,:i:n-

orn(z;t) == {
We first prove that
el
(4.6) sup |z() — op n(x; ')”Lq <en T,
xEAT‘le,a

where ¢ = ¢(r, a, 8, p, q).
To this end, if 2 € AW

».a> then by Lemma 3, z("=1 is convex and z(") in nonde-

creasing, so that we may take an rth degree polynomial m,.(z;-) such that its (r — 1)st
derivative is tangent to z("=1) at 0, namely,

r D (@;0) = 27D(0), w7 (wst) <20V, tel,
14



and the constant 7r,(«r)(x; t) = 7r,(«r)(x; 0), satisfies

#0(0) < w7 (1) < 2(0).

Thus, let

and we clearly have
E(t) — opn(T3t) = x(t) — opn(z3t), tel.
Since (" is nondecreasing, then it readily follows that

.,Iv:(r)pa

. <3 Hx(r)pa , TE A:LHW;Q.
p

Ly

Indeed, if 7T7(~r)(£l?; 0) > 0, then we use the inequality 7T7(~r)(£€;t) < :CS:)(O) < zM(t) a.e. in
[0,1). Hence

IV,(T)pa Wr('T)pa

<[]
L,

|
LP

Ly

H-B Hl,(v“)pa Wr('T)pa

+2‘
Lp

L,[0,1]

<o

ol
LP

L,[0,1]

<o

p

Otherwise 7T7(~r)(.77; 0) < 0, so that 7T7(~r)(£L';t) > x(_T)I(O)I > 2 (t) a.e. in (—1,0], and the
proof is similar.

It is well known that by Whitney’s theorem we have

max |E(t) — Iy i(T3 1) < cwpin (a:; =1 ;Imi) , i==1,...,£(n—1),

where ¢ = ¢(r) and w,11 (z;0; [a, b]) is the usual (r+ 1)st modulus of smoothness of x with

step ¢, in the interval [a,b]. Thus for z € A’:FIW’"

s if 7> 0 s so that {t,£+ (r+ 1)1} €
15



I, +i, 1 <i<n-—1, then

‘A’"Jrl ‘ = Alx(r) t+m+...7)dr ... d7,

_/ /‘Al (T) t+71 +. )‘dTl...dTT

< Ly gl esssupy, toer, o, (87 (81) — 20 (89)) =t | Ly 4| Wi 44

implying that

Inax |2(t) — lpni(T3t)| < c|llni|"wrpi, t=%£1,...,£(n—1),
E n,t

where ¢ = ¢(r). In view of the definition of o, , we conclude that for all 1 < ¢ < oo,

1Z(-) = o n(T; .)||Lq(1n,i) = |2(-) = lrn,i(&; .)||Lq(1n,i)

(4.7) . '
<cllni|"Tiwppi, i=%£1,...,£(n—1).

In order to estimate the norm of Z(-) — 0 ,,(%;-) in Ly(Iy, 1), we denote by

r—1 (t .y )s
Op_1(&; by pn_1;t) := ;f(s)(tn,n—1)$,

the Taylor polynomial of degree » — 1 of . Then

i’(t) - O_r,n(f&; t) f(t) - lr,n,n—l(lu'; t)

- ()—9r 1( nn I;t)_lr,n7n—1(57( ).+.97“ 1( nn 15 )’t)7

whence

18() = orn @My, 1, 1y < 1EC) = Boma @5 tunsi Mg, 1

+ HlT,n,n—l(j:(') - 07“—1(5&; tn,n—l; )’ ) HLq(In,n) ’

It is readily seen by Minkowski’s inequality (applied to the parameter ¢) and Hoélder’s
inequality (applied to the parameter p) that

|| ()—QT 1( trn— 1,.)HL ) _C|Inn|7" a——+q||$() a”L (Lo n)>
16



where ¢ = ¢(r,a, p, q). It should be noted that in the above we use the fact that r — a —
1,1 :
>t g™ 0. Since

C1|[n,n—1| S |In,n| S C2|[n,n—1|7

where ¢ = c1(r, o, B, D, q), ca = ca(r, o, B, p, q), it follows that

o Y L Y
||lr,n,n—1($(') — er—l(l';tn,n—l; .))HLq(In,n) < C|[n,n|q ||-T() — er—l(l';tn,n—l; ')||Loo(1n,n71)

—a—l4ly,
< el TN 0Ly (1)

where ¢ = ¢(r, a, 3, p, q). Recalling that ||5:(")p°‘||p < 3, we conclude that
(4.8) 1#C) = rm (@) g, 1,0y < Um0,
where ¢ = ¢(r, a, 8, p, q). Similarly

(4.9) 1#() = 0vn (Mg 1,y < WHnmnl ™77,

where ¢ = ¢(r, «, 8, p, q), so combining with (4.7) and (4.8) yields,
|2(-) — o n(; ')HLq[O,l]

1
(4.10) c (z;:f AR ) bR, 1< g < oo,

N,

T r—oa —
Wr.ni + ¢|Inn| v, q = oo.

cmaXi<i<n |In,i

and similarly,

[2() = o7 (; ')||Lq[—170]

-1
1
a—=

CIMAX_p<i<—1 |In,i|rwr,n,i + C|In,—n|r_ P, q = 0.
On the other hand, if 1 < p < oo, then

1
L1 \ & L (T'n.i)
n—1 P %
(S, )

i Lp(In,i+1)
17

1
q —a—L141

where ¢ = ¢(r, o, 5, p, q).

#r) p #r) p




Note that a.e. in I, ;41,1 <7 <n—1,

A
Z wr,n,j S :i.(r) (t)7
i=1

so that for each 1 < p < o0,

i
o4 . < 7 (1) p@ .
P ||Lp(In,i+1) jz::lwhnﬂ > p Ly(Tninr)
Hence, for p = oo,
i
—1
(4.11) 1<r{1<a5(_1 3 ||pa||Loo(In,i+1) ann’j <1,
<i< =
and for 1 < p < oo, we have
L
n—1 7 b
Z ([P Zwr’"ﬂ' < |2 pe o S 3,
i=1 j=1 r[0:1]
or
1
n—1 i P\ »
(4.12) Zg—p [l . Zwrm < 1.
i=1 j=1
Similarly, for p = oo,
i
(4.13) 1<Iz_n<a;<_13—1 1PNty D @rmmi < 1,
<i< =
and for 1 < p < oo,
1
n—1 A P\ P
(4.14) Zg—p ||Pa||li,,(1n,_i—1> Zwm,_j < 1.
i=1 j=1
Write
a; := c|In7i|r+%, i=1,...,n—1,
1

b; == 3 ||pa||Lp(In,i+1), r=1,...,n—1,
18



so that if we replace w,, ; by 7;, then we are in the setup of Lemma 2. Thus in view of

(4.10), we may conclude by (2.11) that

1
-1 _1\p'\ 7 141
|z () = o n(@; )] < <Z?:1 (la: = asa|67)" ) B e A
r,n 9 Lq[o’l] =
maxlgign_l |CL7; — a¢+1|b;1 + C|[n’n|r—a—1—%7 P = 1.

where % + 1% = 1 and where by definition a,, := 0. Now, by (4.3) through (4.5),

1 1
la; — a41] = ‘|In,i|wr — [Iniga |

1 1
- ‘(tn,z - tn,i—l)r+q - (tn,i—{—l - tn,i)r+q

(415) 1 r+4i r4d
=n P (=it 1) —(n—)P)T — (i) —(n—i—1)F) "
< cn_B(H%)(n - i)(ﬁ_l)(H%)_l, i=1,...,n—2,

and

(416) |an_1 — an| = |a,n_1| = |In,n—1|r+%| < cn_ﬁ(r-f—%)’

where ¢ = ¢(r, a, 8, p, q). Note that (4.16) is exactly (4.15) with i =n — 1.
Now, if p = oo, then

bi =3 0%ty iy = 37 P (tni) =37 TP (= )P, i=1,. . n—1,

and if 1 < p < oo, then

tn,it1 %
16 = ([ (1= 00
t .

n,i

1 1
= (ap+ 1) (1 b )P (1 b))
1
= (ap + 1)_%71—5(@4‘%) ((n _ i)ﬂ(ap-l-l) —(n—i— 1)5(0@4—1)) P
> cn_’B(aJr%)(n — i)ﬂ(a+%)_%, i=1,...,n—1,

where ¢ = ¢(r, a, 3, p, q). Therefore for all 1 < p < oo,

b; > cn_ﬂ(a+%)(n - i)B(O‘JF%)_%, i=1,...,n—1,
19



where ¢ = ¢(r, a, 5, p, q).
Hence, if p = 1, then

max |a¢ — ai+1|bi_1

i=1,...,n—1
<o max  n PO (n - ) E-DEHH-1 8 () _ j)-BlatD+
1=1,...,n—1
(417) =¢ max n_B(r_a_1+%)(n — i)ﬂ(r—a—lﬁ—%)—(r—i—%)
i=1,....n—1

< ep~Plr—a=1+g)pBlr—a—14+3)=(r+3)

1
=cn r a,

and if 1 < p < oo, then

n—1 , ﬁ
(Z (lai = az| 1) )
1=1

1

pl

n—1 I
<c (Z (n—ﬁ(r+%)(n _ i)(ﬁ—l)(r+§)—1nﬁ(a+%)(n B 2,)_B(Oﬂr%)Jr%)p )

(4.18) =t R

n—1 Y
— ep Plr—a—3+9) (Z(n — i)(ﬁ(r_a_%"'%)_(H'%)_l"‘%)p’)
i=1
—B(r—a—g+3) pBlr—a—g+3)—(r+3)—1+3+1—3

<cn P P

1
—pr—=
= n q.,

Note that we used (4.3) in both (4.17) and (4.18). At the same time using (4.3) once more,

1 1 1 1 1
r-a—yty = pAlrmam3t) < T a,

|In,n

which combined with (4.17) and (4.18) turns (4.10) into

||$() - O-T,n(l'; .)||Lq([071)) <cn T_E,

where ¢ = ¢(r, a, 3, p, q). Similarly we obtain

() — Unn(w; ')||Lq((—170]) <en ",

20



and (4.6) follows. This completes the proof of the upper bound in (1.6) for 1 < ¢ < 2.
We have to improve the estimates for 2 < ¢ < oo and we do it by applying discretization

techniques. To this end, we first show that for each x € A’:FIW’"

p,a?

(4.19)

Observe that

c1|ln il < trenllnnl wy(t) < trélﬂ}i wy(t) < eollnil, i==1,...,%n,

where 0 < ¢1 = ¢1(f) < ca = c2(f). For if we let t € I, ;, 1 < i < n, then

Y
min wy, (t) =n~! (1 —tni + n_ﬂ) s

tEIn,z
—i\”?
:7’},_1 ((n Z) —I—n_ﬂ>
n

B—1
B

g1

=nP((n-49)f +1) 7

Z Cl|In,1l|a
and
1 N

trélli},i wn(t) =n (1 —lni-1t M )

3 5
i1
n

S 02|In,1l|~
21



Hence by virtue of (4.7) and (4.8) (with ¢ = 1), we obtain

v v _1+l ’I""—l
(Z() = o (E;0)) wn <l T W
Li(In,s)

i==+1,...,+(n—1),

and

() = pn( ) wy 2T

’

=111
< |l an|" TP
Ll(In,:I:n)

where ¢ = ¢(r, a, 3, p, q). Therefore

n—1

§ : r4L
S C|[ﬂ’n7i| qw’r7n’i
Ll[ovl] =1

+c|lnn

1,1
Tap—i—q’

In view of (4.11) and (4.12), we are again in the setup of Lemma 2 and we may conclude

that
_1_1_%

(CE() - UT,n(CU; )) Wn

N
Q
S

!

|

Q|

L,[0,1]
Similar estimate is obtained for the interval [—1,0], by virtue of (4.7), (4.9), (4.13) and
(4.14). Thus (4.19) is established.

We proceed now to prove that

(4.20) dp (AF'WE,), <en”TTE) 2< g < oo,

q

where ¢ = ¢(r, a, 5, p, q).

Forn > 1let ¥, ,, := 3, ,(I) be the space of continuous piecewise polynomials ¢ € C'(I),
which are polynomials of degree < r in each interval I, ;. Then clearly, dim X, ,, = 2rn+1.
For n = 1 we take X, ; := P,_1, the space of all polynomials of degree < r, i.e., dim}, ; =
r. Evidently, for any n > 1, ¥,, C X,q,. We will prove the existence of integers
A= Ar,a,p,q) > 1, a = a(r,a,p,q) > 0 and subspaces Xg2n C ¥, 5an, of dimension

r < dimYgon < a2™ < 22 n > 1, such that

(4.21) E(ATF'WY

p,a’

2(12")Lq < 02—(7“—‘,—%)71, 2< q < oo.
22



where ¢ = ¢(r, o, 5, p, q).

For n > 1 we subdivide the intervals I,, 4;,7=1,...,n — 1, by
g = fntiindG=b g | =0,1
tn,:i:z,k: = tn,:l:(i—l) + o ) =0L...T
and note that ¢, ;0 = t, ;71 and ¢, ;, = t,;, ¢ = £1,...,En. Define a one-to-one corre-

spondence between the spaces ,.,, and R*"" 1 by the invertible discretization operator

ATﬁg’” : ZT’n > C — Y= (y—nr7 ey Y—1,Y0,Y15- - -, ynT') S R?nr+17

where

8 . Bt
a(nr—j3+1) 7 ((tnix),

j=@—-1r+k k=0,1,....,7,i=1,...,n,

B
q

y; = (nr)”

yi=(nr) "7 (nr 4§ +1)°7 C(tn—ik),

j:_(i_l)r_k7 k:0)17-~-7r,i:17...,n.
Note that altogether 7 = 0,41,...,£nr. The inverse operator is
A;év%n : Rznr+1 QY= (y—nr7 - Y-1,Y%0,Y1,5 - - '7yn7“) - C € Ehnv

where ( is uniquely defined by the interpolation equations

2w

Cltnig) = (r)a(nr —j+ 1)y, j=(i—Dr+k k=01, ri=1,...n,

C(tn, i) = (nr)

Qlw

(m‘—i—j—i—l)_%yj, j=—-(G—-)r—k k=0,1,....,7,i=1,...,n.
Similarly to what was shown in [8, Theorem 1], it follows that

Cllz, = IArgqnCllnrss, €€ Sm.

We proceed as in the above proof fixing an integer N € N and prescribing integers mg :=r
and m, <2r2¥ +1,v=1,2,...,N. Let L™, v =1,2,..., N be subspaces of R2"2"+1 of

dimension dim L™» = m, and set

Ymo .= 27‘,17 ym ::A;éqzuLmu7V:1,2,~-~,N-

23



Then ¥™» C ¥, o» and dim¥X™ =m,, v =0,1,2,..., N. If we denote
mo,...,MMN .__ N m,
DY = span(UVZOE ),

then ¥mor-MN C 3, on and dim X7M0™N < myg 4 - -+ my. Each x € ATLIWI’;’Q may
be expanded into

2(t) = x(t) — oy on (w18) + o1 (@58) + > (020 (258) — 0 oo (35)), tET,

v=1

where o, ov(x;) € ¥, ov. Therefore we conclude that,

B, 0 < ) = o),

(4.22) N
+e) E(Arpge (0r20 (157) = 0p o1 (252)), L™) prava

q
v=1

We will show that for all z € ATIW;}"’Q belong to the splines o, ov (;-) — 0, 9v—1(2; -) are

mapped by A, 42 into the ball 02_(”%)”3%7«2““7 where ¢ = ¢(r, «, 8,p,q). Indeed, it

is readily seen that for each £k =0,...,r,
(r2") P (r2Y — (i — V)r+ k) + 1) <c|lpw 44|, i=1,...,2",

where ¢ = ¢(r, 3). Hence,

(4.23)
HAT@q,?” (Ur,zu (CU; ) — Oy ov-1 (;,;; ))‘

[2r2v+1
1

2Y
_B, . 8=1
= ZZ(QV) T(r2" = (i = L)r+ k) +1)77 |opav(itov k) — Opov—1 (x5 tov i 1)
i=1 k=0

—1 r
_B . B-1
+ N 2T 2 — (i D — k| + 1) T o (@it ik) — O g1 (T3 tae k)|

1=—2" k=0
2Y r )
S CZ Z Lo i “77'72” (T3 t2vik) — o201 (2 tZ",i,k)‘
1=1 k=0
—1 T L
+c Z Z |12u71;|5 ‘0‘7«7211 (.T; t2u71;7k) - 0'7.7211—1(;[7; t2u7i7k)‘ .
1=—2" k=0

24



Evidently,

r

Z ‘0-7',2” (z5tov k) — O ov—1(; t2”,i,k)‘
k=0

< (r+1) [|over (25) = 0y gv-r (23 ')HLOO(IW,Z-)
~1
< el | oo (@5) = ovae 1 (@50 |2, 1y
where ¢ = ¢(r) and where we used the fact that o, ov(x;:) — 0, 9v-1(x; ) is a polynomial
of degree < r on Iy ;. Now, it is readily seen that
[Iov 5| > cwar (t) > cwyu-1(t), t € Iov,

whence,

[ Iov i

T oo () = e (5 4

—141 —141
< a7 () = 0 (@) sy + el 57 (o) = 0 (@),

_1_1_%

(CE() — Op2v (CU; )) Wou —1+%

<c (5'3() — 0y g1 (7 )) Wav—1

+c
Ly (Iyv ;)

Ly (Iyv ;)

Therefore, (4.23) and (4.19) yield,

[Arp.g,2v (0020 (15) = 0y 001 (23))]

2r2¥V 41
ll

21/
—143 : :
<c Y |7 log.r2e (7)) = o2 (@)1 1,00

=—2v
_ 1
(4.24) < c|(@)) = onge (@) wy T
L,
141
o[ (@) = oram (@) wy
Ly

<2 DY,

where ¢ = ¢(r, «, 8, p, q). Hence, by virtue of (4.22),

E(A7:1—+1W£7a7 Emo,...,mN)Lq
< sup  ||z() —Ur,zN(JU;')HLq
(4.25) zeA Wy,

N
+ec Z 2_(7“4-%)1112(B%7“2V~|—17 Lmu)l2r2"+1,
q
v=1

25



where ¢ = ¢(r,a, 8,p,q). If we set my, := 2r2" + 1, v = 1,2,...,n — 1, that is, L™ :=
R272"+1 then clearly
E(B2T2U+1,Lmu)l2r2u+1 :0, V:1,2,...,'n/—]_.

Also by (4.6),
Hx() — 0o~ (T )HL < 62_(T+%)N, x € A’;‘HW;’Q.
Thus, we take subspaces L™ so that

E(BI™ T L™ ) v < 2, (BY™ ) v, v=1,...
q q

and we obtain by (4.25),

BNy Bmoem) < e N
(4.26) al L v
e Z 2—(’"+E)'/dmu (B%TZ +1)l2r2u+17

where ¢ = ¢(r, a, 5, p, q).
In order to obtain the upper bounds that we require we apply now a standard technique.

Namely, we fix an positive integer A so that

11 1 1\ !
T—§m>0, and )\2<T+§> (T—f—g) y

and put N := An, n € N. Set

N—v
my = 2r [QA—I-‘, v=mn,...,N,

where [u] is the integrer ceiling of u € R. Evidently, mo +mq + --- + my < a2", where

a = a(r,p,q) € N. Hence, by (4.3) and (4.26) we have,

E(A7:|-+1W£,aa Emo,---,mw)Lq < 02—(7“4-%)"
(4.27) n* ) )
+c Z 2—(r+5)udmu (B%TZ +1)l3T2U+1 .
rvy=n
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If 2 < g < oo, then we use Lemma G1 to obtain

s (BY)y, < enim=3,
q
where ¢ = ¢(q). Therefore by virtue of (4.27),
E(AT_;_+1W;’Q7 Emo,...,mN)Lq
N 1
—(r41 —(r4l v
< 2 (r+3)n 4 Z 2= (rtovg (B%r2 +1)lgr2u+1
rvr=n
N
N—
<oy i
(4.28) v—n
An An 1
— 02_% )\_nl Z 2_(7“_% A—I)V
rvr=n
S 02_% }\)\_nl 2_(7“_% Ail)n
2~ (r+z)n

where ¢ = C(T, a, 3, p, CI)~

For the case ¢ = oo we observe that B C BY, so that applying Lemma K and (4.27)
27



we obtain

E(ATF'WY

P,

Emo,...,mN)L
oo

N
< 02—(7'—{—%)11 +ec Z 2—rudmu (B§r2U+1)l2r2”+1

v=n

N
< 02_(r+%)n +c Z 2_deu (B§r2u+1)l2r21'+1

v=n

N 3
_1 v 5
< 9= (r+3)n +c E 27 "m,, 2 (1 + log %ﬂ“) ’

v=n
) N 1 N—v N—v %
(429) S 02—(7'—{—5)’!1 _|_CZQ—TV2_§ —1 (1 _|_10g21/— )\—1>
v=n
A A 1 A 3
— C2—(r+%)n + 02_% —1" Z 2_(7“_% ,\_1)V (1 + 10g2m(’/—")> :
v=n

An 1
e AL LD DE I P CET RS D

v=n

) 1 oo, 11
< 2~ (rta)n 4 c2—("+§)”/ 297 (a1
1
< e (rta)n

where ¢ = ¢(r,a, B,p). If we let Xyon 1= X™0»™N then (4.21) follows from (4.28) and

(4.29) and in turn implies

dazn (A:LHW;@) L

< (M) 2 < g <o,
q
where ¢ = ¢(r, o, 8, p,q). Tt is a standard technique now to obtain (4.20). This concludes

the proof of the upper bounds in (1.6) and thus completes the proof of Theorem 2. [

§5. THE LINEAR WIDTHS OF THE CLASSES A% W, , IN L,~ AUXILIARY LEMMAS
We begin by recalling some lemmas.

Lemma G2. (see [1]) Let n,m € N be so that m < n, and let 1 < p < q < 00, excluding
the case p =1 and q = co. Then
®(m,n,p,q), 1<p<q<p,

(5.1) dp, (Bg)iin =< U(m,n,p,q) := {

q

®(m,n,q’,p’), max{p,p'} <q < oo,
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where ®(m,n,p,q) is defined by (2.1), and % + z% = 1. The constants in these two-sided

estimates do not depend on m and n.
The following is the corollary of [12, Lemma 3].

Lemma M1. For all n,m € N so that m < n, we have
en~z, n<m?

2 1\ lin
dam1 (B1n+ )52"“ < { ’ 7

1 _3
2 2

cnzm n > m?,
where ¢ > 0 is an absolute constant.
Also, as a corollary of [12, Lemma 5], we get

Lemma M2. For all n,m € N so that m < n we have

MIH

dm (B”)lm <ecm~ 3 (log n)

where ¢ > 0 s an absolute constant.
We need one new result

Lemma 4. Letn,mENbesothatm<nand2§p§q§ooor2§p%

7 < q < .
Then

A (S (B™))t > 274 (1= 2) 7 0= Gmde

Proof. Let X be real linear normed space with X* its dual, and let L™ := span{zy};~,
be an arbitrary subspace in X. Then by definition

A (W) = inf inf sup ||x — <z, x> T)
( )X {zrbpe CX {z 3L, CX ™ zew ki:l b
X
Therefore
dm (S5 (E™ bn inf inf sup f(k) C(k)
( ( ))loo {C(k)} gln {é(k)}k 1 ES+(EW) z::

1%
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where (-, -) is usual scalar product. Since

Z 5(’6) x) C(k)
k=1

= sup
yEBY

(5(76) x) C(k) y)

Ms

(z —

I

it follows that

sup Z §(k) x C(k) =  sup sup (x Z(ﬁ(k) x)C(k) y)
zeSt (E") k=1 i zesf(Bn) vEBT k=1
= sup sup (x Z(ﬁ(k) x)C(k) y)
e Y At
= sup sup |(y— Z(C(k) y)e® )|,
VEBY yesi (Bn) k=1
so that
Ao, (S'Jr(E”))lm inf inf sup  sup (y (C(k) )f(k),a:)

n
oo {g(k)} L Gl {{;‘(k)}k L CIT yeBT zesSTt (E'”)
2

M: 11

= inf inf sup sup (y (C(k) y)ﬁ(k) x) .

{g(k)} Cln {C(k)}m gloo yeBT ES; (E'”)

>
I
—_

For any z € R" such that ||z[[;z # 0 we have

A
sip |(za)| = Iy sup (—x)

62) rest (+7) ANED

> ||z]|ip  inf sup (e, xz)|.
lellin =1 seSy (En)

We claim that

(5.3) inf sup (e, x)| > 277,
Il =1 e g+ (1)
2
Indeed, let e = (eq,...,e,) be an arbitrary vector such that e? +--- +e2 = 1. We divide

coordinates of e into two sets, that of the negative coordinates and that of the nonnegative
30



ones. Lete; <0, 1<v<Nande;, >0, N<v <n. Theneithereizl—l—---+e?N Z%,
2

or € +..-+e? > 1 5o without loss of generality, we may assume the former. Hence,
N+1 in 2

_1
setting x; = (ef1 + -+ e%N) *e;,, 1 <v < Nandz;, =0, N <v <mn, we obtain

z=uz(e) € S5 (E") and |(e, )| > 2-% and (5.3) is proven.
Now, by virtue of (5.2) and (5.3) we conclude that

F(E™ “”> -5 Y (k)4 )
I (S5 (B, 2272 imb o ind s = ;(C y)¢ )
2
N m
95 inf inf (k) )
S e e A DU |
— 2734, (B")”” 2—%dm (B?)ln.
Hence by Lemma KPS,
: 1
(5.4) A (S5 (B 2 274 (1= 22)7.
If 2 < p < q < oo, then S5 (E") C S (E™) and [|z[|;» > ||lz||in . Then by (5.4) we have
I 1z 1 m %
(5.5) A (S5 (B™)),)" = din (S5 (B™)), 2 278 (1= 2) 7.
On the other hand, if 2 < p’ < g < oo, then n%_%S; (E™) C Sy (E™) and ||z[|;m > ||z
Therefore, by (5.4) we obtain
(S5 () 2 md (53 () > 278 (1) i,

Combining this with (5.5) yields Lemma 4. O

§6. THE LINEAR WIDTHS OF THE CLASSES AW  IN L,

We are in a position to prove our assertions.

Proof of Theorem 3. The upper bounds in Theorem 3 follow from Theorem KL2, and the
lower bounds for the cases 1 < ¢ < p < o0, 1<p<q<2and2<q< 7 < 00 are

li
immediate consequences of Theorem 1 since d,, (AiWIf ) "> d, (AiW;ja)L .
7 ? q
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Thus we concentrate on the two remaining cases, namely, 2 <p < ¢g< oo and 2 <p' <

q < oo.
Since AL W7, C AW/, 0 < o < o0, it suffices to prove that
lin el 1
(6.1) dy, (AiW;)Lq >en"TrTd, 2<p<g< oo,
and
s \ lin —T—i—%—l ]_7
(6.2) dn (ASW))," > cen 7, 2<-<g< 0

q

Just as in the proof of Theorem 1 we obtain,

> N, (S)(EN) N, 0<s <,

dn (ML), 2 (S5

where C'= C(r, p, q). Thus, substituting N = 2n we get

n (AiW;;)i—jn > C(Qn)_’“"r%_%dn (S (E2n))lin

2n 9
p lq"

which by virtue of Lemma 4 turns into

. L_1 1 3 11
4 (MW7) = Clomy iz d (1= ) (20) G0

where ¢ = ¢(r,p, q) and (6.1) and (6.2) follow. This completes the proof of Theorem 3. O
We proceed to the proof of Theorem 4.

Proof of Theorem 4. Again, the lower bounds follow from Theorem 2, since

lin

dn (AW 0) g, 2 du (AW3L)

q

Hence we only have to prove the upper bounds. We observe that all the operators which
we used in the proof of Theorem 2 were linear. Therefore, just as in that proof we can

obtain,

(6.3) dn (AW M < enTTE, 1< g <2,
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and for 2 < g < o0,

E(A::I—lwr Emo"“7mN)l£n < C2—(T‘+%)N

P, v
Lo S (B

v=n
If 2 < ¢ < 0o, then we prescribe the integers A, N and m, as in the proof of Theorem 2.
For (p,q) # (1,00), we apply Lemma G2 to (6.4) and obtain

(6.5) E(AT'W)

p,a?

Emo,...,mN)lI,fn S 02—(’!’-{—%)”7 2 < q < 007

q

where ¢ = ¢(r, a,p, q).

In case (p,q) = (1,00) we take
2\
M:=|—
[/\+ 1”} ’

N_v7?2
2"§c{2>\—1] , v=m,...,M—1,

and note that

where ¢ > 0 is an absolute constant. We rewrite (6.4) in the form

li _
E(Ai—le{"a’Emo,...,mN)Zn < 2 rIN

M-1 y
— 2 2” 1 m
+c E 2 rudmu (BIT + )l27'2”+1
v=n

N
j : _ 2r2Y 11\ lin
+ C 2 T‘Udm (Bl’l" + ) 2r2YV 41
v loo

v=M
where ¢ = ¢(r, @). Lemma M1 yields
M-1 M-1
. v li _ 1 N—v
Y 27, (BY ) phavis Sy 27277 AT
vr=n vr=n
M-1
A 1
R Z 2_(’"_% >\—1)”
rvr=n
A 1
< 02_% /\—1"2_(’"_% ,\—1)"
= 2~ (rtz)n,
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And by virtue of Lemma M2 we have,

N

—rv 2r2v 41\ lin
S 277, (B
v=M

—

Nl

N
< 2T ETASI", Z 2—“’2_(’"_% A—l)”(log(2r2” +1))

(M

ey tribn 37 (-
v=M
1

N 1
< 62_("'_"%)” Z 2_(7'_5 A—l)(u_n)(y — n)%
v=M

1 o0 1 11 1
< 62—(T+§)n/ t§2‘(’"‘§ A—l)tdt < 2~ (rt3)n,
0
where we have used the fact that

VS%(V—TL), v=M,...,N.

Substituting the last two inequalitites in (6.6), we obtain

EmOwnamN)lin < C2—(r+%)n,

E(ATW) L. <

P,

which together with (6.3) and (6.5) implies the upper bounds in (1.10) and concludes the

proof. [
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