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ON MATHEMATICAL METHODS OF LEARNING

R. DEVORE, G. KERKYACHARIAN, D. P1CARD, V. TEMLYAKOV

1. INTRODUCTION

We discuss in this paper some mathematical aspects of supervised learning theory. Su-
pervised learning, or learning-from-examples, refers to a process that builds on the base of
available data of inputs z; and outputs y;, ¢ = 1,...,m, a function that best represents
the relation between the inputs x € X and the corresponding outputs y € Y. The central
question is how well this function estimates the outputs for general inputs. The standard
mathematical framework for the setting of the above learning problem is the following ([CS],
[PS]).

Let X C R%, Y C R be Borel sets and let p be a Borel probability measure on Z = X x Y.
For f : X — Y define the error

Consider p(y|x) - conditional (with respect to x) probability measure on Y and px - the
marginal probability measure on X (for S C X, px(5) = p(S x Y)). Define

fo(z) = /Y ydp(ylz).

The function f, is known in statistics as the regression function of p. It is clear that f,
minimizes the error £(f) over all f € La(px): E(f,) < E(f), f € La2(px). Thus, in the sense
of error £(-) the regression function f, is the best to describe the relation between inputs
x € X and outputs y € Y. Now, our goal is to find an estimator f,, on the base of given data
z = ((z1,91),-- -, (Tm,ym)) that approximates f, well with high probability. We assume
that (x;,v;), ¢ = 1,...,m are independent and distributed according to p. There are several
important ingredients in mathematical formulation of this problem. In our formulation we
follow the way that has become standard in approximation theory and based on the concept
of optimal method. A classical example of such a setting is the concept of the Kolmogorov
width. Kolmogorov’s n-width for centrally symmetric compact set F' in Banach space B is
defined as follows

d,,(F, B) := inf sup inf || f —
(F, B) = inf sup inf [[f = gll
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where inf;, is taken over all n-dimensional subspaces of B. In other words the Kolmogorov
n-width gives the best possible error in approximating a compact set F' by n-dimensional
linear subspaces. So, first of all we need to make an assumption on the unknown function
f,. Following the approximation theory approach we make this assumption in the form
fr € W, where W is a given class of functions. For instance, we may assume that f, has
some smoothness. The next step is to find an algorithm for constructing an estimator f,
that is optimal for the class W. By optimal we mean the one that provides the minimal error
|f — f.|| for all f € W with high probability. A problem of optimization is naturally broken
into two parts: upper estimates and lower estimates. We discuss only upper estimates in
this paper. In order to prove upper estimates we need to decide what should be the form of
an estimator f,. In other words we need to specify the hypothesis space H (see [CS], [PS])
where an estimator f, comes from. We may also call H an approximation space.

The next question is how to build f, € H. In Section 2 we will discuss the method that
takes

[z = arg ?g} E.(f),

where
m

Z(f(:cz) - yi)2

=1

1
is the empirical error of f. This f, 3 is called the empirical optimum. Section 2 contains a
discussion of known results from [CS] and some new results. Proofs of new results in Section
2 are based on the technique developed in [CS].

In Section 3 we assume that p is an absolutely continuous measure with density p(z):
dp = pdr. We study estimation of a new function f, := f,u instead of regression function
fo- As a part of motivation of this new setting we discuss one practical example from finance.
Let z = (z',...,2%) € R? be information that is used by a bank to decide to give or not
to give a mortgage to a client. For instance, 2! - income, z? - home value, 23 - mortgage
value, z* - interest rate. Let y be the total profit (loss if negative) that the bank gains from
this mortgage. Then f,(x) stands for the expected (average) profit of the bank from clients
with the same information z. A clear goal of the bank is to find S C R? that maximizes

/S fo(@)dpx.

Obviously, such S is given by
So ={z: fo(xz) > 0}.

The mathematical question in this regard is how to utilize the available data
z = ((x1,11), -+ (Tm,ym)) to find an empirical S, that gives a good approximation to

fso fp(x)d/)X-
We suggest the following way to solve this problem. Assume that dpx = pdz and denote

fu = fou. Then
/fp(x)dPX:/fu(x)dm.
S S
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So, we look for an estimator for f, instead of f,. In the above example it is sufficient to
estimate || f, — f.||z,. Suppose we have found f, such that

Prob.ezm{||fu — follz, <€} > 104

Define
S, ={x: f.(z) > 0}.

Then with the above estimate on the probability we have

/Sz fo(x)dpx = /Sz Ju(z)dx > /Sz fo(z)da — e

> [ g =z [ gy -2

Therefore, the empirical set S, provides an optimal profit within an error 2e with probability
>1-4.

In the above example it was convenient to measure the error in the L; norm. However,
it is usually simpler to estimate the Ly error of approximation. We note that

Ifllz, < (mes X)Y2( fllro,  and  [[fllzyox) < I1FlLatox)-

We impose different assumptions on the unknown function f, in Sections 2 and 3: in
Section 2 we assume f, € W and in Section 3 we assume f,u € W. It is clear that if p(x)
is a nice smooth function then for many smoothness classes W we have f, €¢ W = f, € W.
However, if ;1 is a "rough” function then the assumption f, € W may be more appropriate.

Let us now discuss one more important issue. First, we remind the general scheme that
we follow in constructing an estimator f,. We begin with a function class W. Then, utilizing
the optimal method approach we look for an estimator that provides good estimation for
the class W. In some examples considered in Section 2 we choose a hypothesis space H
where f, comes from depending on the class W. It is a weak point of the above approach.
In many cases we do not know exactly the class W. However, we may know a collection
W of classes where our unknown class W belongs. Say, if we are thinking about W in
terms of Sobolev smoothness classes we may take as WV the collection of all Sobolev classes
with smoothness from a certain range. We now modify the optimal method setting to the
universal method setting. In this setting a collection W of classes is given and we need
to find a procedure for constructing an estimator f, in such a way that if f € W € W
then || f — f.|| is close to the optimal error for the class W. In approximation theory this
approach is known under the name of universal method (see [T1-T4]). We would like to
build a universal estimator f, for a given collection W of classes. In Sections 2 and 3 we
address this issue. We use different ideas in constructing universal estimators. In particular,
the well known in nonlinear approximation theory and statistics the thresholding algorithm
provides such a universal estimator for a collection of classes with finite smoothness.
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By C and ¢ we denote absolute positive constants and by C(-), ¢(-), and Ag(-) we denote
positive constants that are determined by their arguments. We often have error estimates
of the form (Inm/m)® that hold for m > 2. We could write these estimates in the form,
say, (In(m + 1)/m)® to make them valid for all m € N. However, we use the first variant
throughout the paper for the following two reasons: simpler notations, we are looking for
the asymptotic behavior of the error.

2. ESTIMATING f,

Let p be a Borel probability measure on Z = X x Y. If £ is a random variable (a real
valued function on a probability space Z) then denote

B = [ edp ()= [ (€~ B©Pdp
z Z
The following proposition gives a relation between (f) — £(f,) and ||f — follL.(ox)-
Proposition 2.1 [CS]. For every f: X — Y

E(f) —E(f,) = / () — fo(2))2dpx.

X

We define the empirical error of f:

m

E(f) = = S (fli) - i)

=1

Let f: X — Y. The defect function of f is

Lo(f) = Lo p(f) = E(f) = E(f); 2= (21, 2m), 2z = (20, 44)-

Theorem A [CS]. Let M >0 and f: X — Y be such that |f(x) —y| < M a.e. Then, for
alle >0

m€2

2(02 + MZE/S))’

(2.1) Prob,ezm{|L.(f)| <€} >1—2exp(—

where o? := o?((f(x) — y)?).
This theorem is a direct corollary of the Bernstein inequality: If [£(z) — E(§)| < M a.e.
Then for any € > 0

m62

2(02(&) + Me/3)

Probzezm{|% Zﬁ(zi) — E(&)| > €} < 2exp(— ).
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Taking £(z) := (f(x) — y)? and noting that E(&) = £(f) we get (2.1).
Let X be a compact subset of R%. Denote C(X) the space of functions continuous on X
with the norm

[flloc := sup |f(z)
zeX

The paper [CS] indicates importance of a characteristic of a class W closely related to the
concept of entropy numbers. For a compact subset W of a Banach space B we define the
entropy numbers as follows

en(W,B) :=inf{e: 3f1,..., fan € W: W C UL (f; + eU(B))}

where U(B) is the unit ball of Banach space B. We denote N (W, ¢, B) the covering number
that is the minimal number of balls of radius € needed for covering W. In this paper in the
most cases we take as a Banach space B the space C := C(X) of continuous functions on a
compact X C R?. We use the abbreviated notations

N(W,e) := NW,e,C); €, (W) := e, (W,C).

Theorem B [CS]. Let W be a compact subset of C(X). Assume that for all f € W,
f:X =Y is such that |f(z) — y| < M a.e. Then, for all € >0

m€2

2(02% + M26/3>).

(2:2)  Probecyn{sup |Lo(f)] < €} 2 1= N(W,e/(8M)2exp(~

Here 0% := o*(W) 1= sup ey 02 ((f(x) — y)?).

We will give a proof of this theorem for completeness. We use the following simple
relation.

Proposition 2.2 [CS]. If |fj(z) —y| < M a.e. for j =1,2, then
’LZ(JC1> - LZ(f2)| < 4MHf1 - f2”oo-

In the proof of this proposition we use

|(fi(z) = 9)* = (fo(z) = v)*| < 2M] f1 = folloo-
Proof of Theorem B. Let f1,..., fn be the €/(8M)-net of W, N := N(W,¢e/(8M)). Then
for any f € W there is an f; such that || f — fj|lcc < €/(8M) and by Proposition 2.2
|Lz(f) - Lz(f])| < 6/2'
Therefore, |L.(f)| > € implies that there is a j € [1, N| such that |L.(f;)| > €/2, and

N 2

me
Probzezm{;,élv% |L.(f)] > €} < ;Probzezm{wz(fjﬂ >e€/2} < 2NeXP(_8(a2 S YERT

).

Denote by f3 a function from H that minimizes the error £(f):

frn = arg ?g?gg(f)-
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Theorem C [CS]|. Let H be a compact subset of C(X). Assume that for all f € H,
f:X =Y issuch that |f(x) —y| < M a.e. Then, for all e >0

m62

8(402 + M?3¢/3)

Prob,ezm{E(fon) —E(fn) <€} >1—N(H,¢e/(8M))2exp(— ).

Here 0 := 0*(H) := sup ey 0 ((f () — y)?).
This theorem follows from Theorem B and the chain of inequalities

0< g(fz,?‘() - 5(f7’l) = g(fz,H) - gz(fz,H) + gz(fz,?—l) - gz(fH) + gz(fH) - g(fH)

< g(fz,?‘() - gz(fz,H) + gz(f?‘() - g(fH)
Assume W is such that

(23) En(W) <Cin™", n=1,2,..., WCClU(C)
Then
(2.4) N(W,e) < 2(C2/9"",

Substituting this in Theorem C and optimizing over € we get for e = Am ™ ™2 | A > Ay(M,r)
Prob.ezm {E(fow) — E(fw) < Am™TF} > 1 — exp(—c(M)A2m ™),
We have proved the following theorem that is essentially contained in [CS].
Theorem 2.1. Assume that W is such that
e (W)<Cin™", n=12,..., WcCCU(C).
Then for A > Ag(M,r)

(2.5) Prob.ezm{E(fow) — E(fw) < Am™ T} > 1 — exp(—c(M)A*m ™),

We will now impose some extra restictions on W and will get in return better estimates
for £(f.) — E(fw). We begin with the one from [CS] (see Theorem C* and Remark 13).

Theorem C* [CS]. Suppose that either H is a compact and convex subset of C(X) or H
is a compact subset of C(X) and f, € H. Assume that for all f € H, f: X — Y is such
that | f(x) —y| < M a.e. Then, for all e >0

me

Prob.ezn {€(fom) = E(fr) < €} 2 1= N(H. ¢/ (24M))2exp(~ 5eonms

).

We will need the following theorem in a style of Theorem C*.
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Theorem D. Let H be a compact subset of C(X). Assume that for all f e H, f: X =Y
is such that |f(x) —y| < M a.e. Then, for all e >0

me

Probaezn {&(fun) —€(fn) < €} 2 1= N(H, ¢/ (4M))2exp(~ gz r75)

under assumption E(fr) — E(f,) < Ke.

Proof. The proof is similar to the proof of Theorem C* from [CS]. We will only point out
the difference of the proofs. In the proof of Theorem C* the convexity assumption is used
to prove the following lemma.

Lemma 2.1 [CS]. Let H be a convex subset of C(X) such that fy exists. Then for all
feH

1 = Frl o ony S EW) = E(fr)-

We use the assumption £(fy) —E(f,) < Ke instead of convexity and we use the following
lemma instead of Lemma 2.1.

Lemma 2.2. For any f we have

1f = Frll7aon) < 260 = EUFr) + 20 = Foll Lo (on))-

Proof. We have

1f = frllnacox) SN = Follatox) + 1o = frllLacox)-

Next,
1f = Folla(on) = E(F) = Ef) = E(f) — E(fre) + E(fre) — E(fp).

Combining the above two relations we get
1 = Doy < 231 = FollTopey + 11 = FollTnipx)
<2E(f) = EUr) + 201 = FollTnipr))-

Thus instead of Lemma 2.1 we use the inequality

1f = Sl ony < 2(E(F) = E(fn) + 2Ke)

in the proof of Theorem D.
The following theorem is essentially contained in [CS].
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Theorem 2.2. Assume that W satisfies (2.3). Suppose that either W is convex or f, € W.
Then for A > Ag(M,r)

T 1

Prob,czm{E(fow) — E(fw) < Am™ T } > 1 — exp(—c(M)AmT+r).

The proof of this theorem repeats the proof of Theorem 2.1 with the following changes:
we set € = Am~ T and use Theorem C* to estimate E(f. w) — E(fw).

We continue to consider classes satisfying a stronger assumption than (2.3). We first use
the concept of the Kolmogorov width to impose an extra condition on W. Let us assume
that W satisfies the following estimates for the Kolmogorov widths

(26) dn(W,C) <Cin", n=12,...; WC ClU(C)
Then by Carl’s [C] inequality
(W) < Con™, n=1,2,....

Therefore, for this class we have the estimate (2.5) as above in Theorem 2.1. We will prove
a better estimate than (2.5).

Theorem 2.3. Let f, € W and let W satisfy (2.6). Then there exists an estimator f, such
that for A > Ag(M,r)

(2.7) Prob.ezn{E(f.) —E(f,) < C’A(lnm/m)%} >1- exp(—c(M)A(m(lnm)Q’")ﬁ).

Proof. Let a sequence {L,} be a sequence of optimal (near optimal) subspaces for W,
dim L,, = n. Then for any f € W there is a ¢, € L,, such that ||f — pnllec < Cin™".
It is clear that ||¢n]leo < 2| fllec < 2C;. We now consider in place of W from the above

argument that gave Theorem 2.1 the set V,, := 2C1U(C) N L,,. In other words we take as a
hypothesis space the set V,,. Then it is well known that

N(V,,e) < (Cs/e)".
We construct an estimator for f, € W by

v o= in £,(f).
fav, arg min (f)

Choosing € = A(In m/m)% and n = [¢71/")] + 1 we now estimate E(f. v, ) — E(f,). Let
f* €V, be such that
1o = Flloe < Con~" < CAY2 (lnm/m) .

Then

(2.8) E(f*) —&(fp) = /X(f*(w) — fo(@))?dpx < C*A(lnm/m) T
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We have
0<E(fov) —E(fo) =E(favi) —EUT)FHEST) = E(fp)-

Next,
Efev,) —EUT) =E(fov) = EUfv,) +E(fv,) —E(f7) < E(fav,) — E(fv,)-

Taking into account the choice of e = A(In m/m)% and n = [¢1/(27)] + 1 we get from
Theorem C* for A > Ag(M,r)

(2.9) Prob.czm {E(f2v,) — E(F*) < A(lum/m) T}

> 1 — exp(—c(M)A(m(Inm)?>" ) 7777).
Using (2.8) we obtain from here

(210) Probzezm{é’(fzyn) — g(fp) < (1 + CQ)A(lnm/m)%}

1

> 1 — exp(—c(M)A(m(Inm)*") ).
This completes the proof of Theorem 2.3.

We now proceed to imposing extra conditions on W in terms of nonlinear approximation.
We begin with the definition of nonlinear Kolmogorov’s (N, n)-width (see [T5]):

do(F,B,N):= inf inf inf ||f —
n(F,B,N) ENV#gNSNigngenﬁN;gL!\f 9l s,

where Ly is a set of at most N n-dimensional subspaces L. It is clear that
d,(F,B,1) =d,(F,B).

The new feature of d,,(F, B, N) is that we allow to choose a subspace L € Ly depending on
f € F. It is clear that the bigger N the more flexibility we have to approximate f. It turns
out that from the point of view of our applications the following case

- an
N = n",

where a > 0 is a fixed number, plays an important role.
Let us assume that W satisfies the following estimates for the nonlinear Kolmogorov
widths

(2.11) d,(W,C,n*") < Cin™", n=12,...; WcCU(_).

Then by [T5]
en(W)oo < Co(lnn/n)", n=2,3,....

For this class we have the estimate similar to (2.5) from above with m replaced by m/Inm.
T

It is clear that a class satisfying (2.11) is wider than a class satisfying d,,(W,C) < Cin~".
We will prove an estimate for W satisfying (2.11) similar to (2.7).
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Theorem 2.4. Let f, € W and let W satisfy (2.11). Then there exists an estimator f,
such that for A > Ag(M,r, a)

1

Prob.czm{E(f.) — E(fp) < C’A(lnm/m)%} > 1 — exp(—c(M)A(m(Inm)?")57).

Proof. Denote for a given n a collection of N, := [n*"] optimal for W subspaces by
L, ... LN+ dim L} = n. Then for any f € W there are a j(f) € [1, N,] and a ¢,, € Li)
such that ||f — vnllec < Cin~". Tt is clear that ||¢©n]leo < 2||f]lec < 2C;. We now consider
the following set

Un :=UNn VI, VI:=2CU(C)N L],

Then it is clear that
N(Uy,,€) < N,(Cs/e)".

We construct an estimator for f, € W by

U = in &,(f).
f20, arg min (f)

Choosing € = A(In m/m)% and n = [¢71/(")] 4+ 1 we now estimate £(f..v, ) — E(f,). Let
f* € U, be such that

1fp = [l < Cin™" < CLAY2(lnm/m) T

Then

(212) £(n) =€) <€) = €0) = [ (1) = o) dox < O Altnm/m) 55

X

We have
0<E(fou,) —E(fp) =E(foun) — E(fu,) +E(fu,) — E(f)).

Taking into account that f. y, € Un, E(fu,) — E(f,) < Ce,

N(Vil,e) < (Cs/e)", j €[l N,
and the choice of e = A(In m/m)% and n = [¢ /("] + 1 we get from Theorem D
(2.13) Probsezn{€(f-v,) — £(fur,) < Allnm/m) 7}

> 1 — exp(—c(M)A(m(Inm)?") %), A > Ay(M,r,a).

Using (2.12) we obtain from here

240 Prob.ezn{&(f-,) = E(f,) < (1+CH Allnm/m) ¥}
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> 1 — exp(—c(M)A(m(Inm)*)F5), A > Ay(M.r,a).
This completes the proof of Theorem 2.4.

Let us discuss an example how Theorem 2.4 may be applied. We will consider n-term
approximations with regard to a given system W. Assume that the system ¥ = {9, }3’021
satisfies the condition:

(VP) There exist three positive constants A;, i = 1, 2,3, and a sequence {ng}5,, np+1 <
Aing, k=1,2,... such that there is a sequence of the de la Vallée-Poussin type operators
Py with the properties

Py(v5) = Ak,jy,
Akg =1 for j=1,... ng Ak,j =0 for j> Ayny,
| Pellc—c < Az, k=1,2,...
Denote

Un(fv \Ij) = Ky kln£ . Hf - chwijooa

71=1

and
on (W, W) := sup o,(f, V).

Theorem 2.5. Let f, € W and let W satisfy the following two conditions.

Un(W \I/) < C’ln_’", W C ClU(C(X))

E,(W,¥):=sup inf [f = ¢jihjlloc < Con™",

Cly.eey Cn
few e =

where U is the (VP)-system. Then there ezists an estimator f, such that for A > Ag(M,r,b)

Prob.czm{E(f.) — E(f,) < CA(Inm/m) ™5} > 1 — exp(—c(M)A(m(Inm)?) %),

Proof. Define

U(n)i={f:f=> ¢y, Al <, A C[L[n") +1], || flloo < 2C1}.

JEA

As an estimator f. we take f, g(,) with n = [A=1/ ) (m/ lnm)TI%“] + 1. For this n we
consider the following family of n-dimensional subspaces:

X = {f:fzzcj¢ja|A| :n}a AC [L[nr/b]—'_l]'

JEA
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Then the total number T of such subspaces satisfies

r/b
T < ([n ]"‘ 1) < (n’r/b + l)n < n(?"/b+1)n’ n> 2.
n

Thus it remains to apply Theorem 2.4 with a = r/b+ 1.

We proceed to construction of universal estimators. Let us begin with a case where we
impose conditions on the class W in a spirit of Kolmogorov’s widths. Denote for a subspace
L

d(W, L) := sup inf ||f — gl cc-
few 9€L

Let £ :={L,}>2, be a sequence of n-dimensional subspaces of C(X). Denote by W(L, «, 3)
a collection of classes W" (L), r € |«, ], satisfying the following relations

dW"™(L),L,) <Cin™", n=1,2...; W"(L)cCC(UC(X)).

Theorem 2.6. For a given collection W(L,,1/2), a > 0, there exists an estimator f,
such that if f, € W (L), r € [a,1/2] then for A > Ay(M, «)

Prob.ezm{E(f.) — E(f,) < CA(lnm/m) Tz } > 1 — mCr1(M(C2(M)=4)

Proof. We use the notations from the proof of Theorem 2.3. We define an estimator f, by
the formula

fz = fz,Vk

with
k = arg 1£ni£1 (&:(f2v,) + Anlnm/m).

We will use the following result from [CS] (it is a direct corollary to Proposition 7 from

[CS]).

Lemma 2.3. Let H be a compact and convex subset of C(X). Then for all ¢ > 0 with

probability at least
me

1= N(H B 288M2)

€
7m)exp(

one has for all f € H

E(f) <28.(f) +2¢ — E(fr) +2(E(fr) — E(fn))-

First of all we note that by Bernstein’s inequality

(2.15) Prob.cym {E(fx) — & (fr) < (Alnm/m)Y/2} > 1 — mCa(N(Ca(M)-4)
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Applying Lemma 2.3 with H = V,,, e = Anlnm/m, f = f, v, and using that £(fv, ) > £(f,)
we get for n € [1,m]

E(fov) <2(E(fxv,) + Anlnm/m) — E(f,) + 2(Alnm/m)1/2
with probability at least 1 — mCs(M)(Ce(M)=A) " Therefore,

(2.16) E(f.) < min 2(E.(f.v,) + Anlnm/m) — E(f,) + 2(Alnm/m)'/2.

nell,m]
To estimate the right side we take n = n(r) := [A~Y ) (m/Inm)/(1+27)] £ 1. We have
Efoviumy) S E(fviy)-

Similarly to (2.15) we get
E(Fvin) < Efvi) + (Alnm/m)'/2

with probability > 1 — m©3(M)(Ca(M)=4) " Next, in the same way as we got (2.8) we obtain
E(Fviry) < E(fo) + CEA(Inm /m) ™57

Substituting these estimates into (2.16) we get

(2.17) E(£.) < E(F,) + 24An(r) Inm/m + 2C2 A(lnm/m) 75 + 4(Alnm/m)"/>?

with probability > 1 — m©1(M)(C2(M)=A4)
This completes the proof of Theorem 2.6.

Some remarks. Let us compare the above new results with known results from [CS].
We will present only the estimates for

(2.18) (W, z2) := Sup. 1fo = £l Lo on)

keeping in mind that the estimates hold with high probability in z € Z™.
Under the most general assumption on W in the form (2.3) Theorem 2.2 claims that
there exists an estimator f, with the error

(2.19) e(W,z) <« m™ T,

Now, if we impose an extra assumption on W in the form of decay of the Kolmogorov widths
(2.6) then Theorem 2.3 gives

(2.20) e(W, 2) < (lnm/m)%.
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This estimate is better than (2.19). In a particular case W = WJ the Sobolev class on [0, 1]
one can derive from (2.19) and from known estimates ([BS])

e (W3, C)<n™", r>1/2,
that there exists f, such that
(2.21) (W5, 2) <m™ ™, r>1/2
It is known ([K]) that
(2.22) d,(W5,C)<n™", r>1/2.
Therefore, by Theorem 2.3 we get
(2.23) e(Wh,2) < (Inm/m)Ti5, r>1/2,

what is better than (2.21).

Theorems 2.4 and 2.5 show that the class W3 can be replaced by a bigger class with
(2.23) still holding. For instance, we may take W = W7 - the Sobolev class defined in the
Ly norm. Then it is known that for » > 1 W] — W21 and for wavelet type system ¥ one
has

on(WI, W) < n".

Therefore, we have by Theorem 2.5
(2.24) e(WI',2) < (Inm/m)T55, > 1.

We also note that the estimate (2.22) is only an existence theorem. We do not know
subspaces that provide approximation in (2.22). Therefore, Theorem 2.3 does not give a
constructive estimator providing (2.23). However, we can use Theorem 2.5 to overcome this
problem. For instance, in the periodic case it is known ([DT]) that

on(W3, T)<n™", r>1/2,

where 7 is the trigonometric system. Using this result and the embedding W3 — W;‘l/ 2
we get by Theorem 2.5

(2.25) e(W,2) < (Inm/m)Ti5, r>1/2,

As a hypothesis space ‘H one can take here the following set of n-term trigonometric poly-
nomials

H={f= ce™ |A| <n,AC[-n>T n>T] | flle < C}
keA

with n =< (m/lnm)ﬁ.
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3. ESTIMATING f,

In this section we assume that px is an absolutely continuous measure with density p(z):
dpx = pdx. We keep the notations from the previous section. Our major goal in this section
is to estimate the function f, := f,u instead of the function f,. In this section we assume
that |y| < M. In the probability estimates we will use the following notations

w(m, A) := CymC2M)(Cs(M)—A), w(m, A;r) = CymC2(M)(Ca(M,r)—A)

w(m, A; B,r) := CymC2M-B)(Ca(M.B,r)—A4)

where C an absolute constant, Co, C's may depend on M and the indicated parameters.
3.1. Let {¢,;} be a uniformly bounded orthonormal basis for La(X), ||¢)j]|cc < B. Assume
that f, € La(X). Then

fu:;Cjij Cj 3=/Xfu’¢jd:c.

Denote "
Sn(fu) = chwj-
j=1
Consider .
¢ = ¢j(z) = %Zyﬂ/}j(%)
i=1
Then

Bei:) = [ Sa@nty@dox = [ fue)s(e)ds =
Therefore, by Bernstein’s inequality applied to a random variable yi,(x) we obtain
(3.1) Prob.ezm{[¢;(2) — ¢;| > n} < 2exp(—mn?/C(M, B)).

Assume now that W is a class satisfying the following approximation property: for f € W
one has

(32 £ =D eilfsle < Cun "y ()= | fusgda
j=1
We define an estimator by the formula
(3.3) Femy ==Y (2.
j=1

It is clear that

1Sn(fu) = Femllz =D 18i(2) = ¢
j=1
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We get from (3.1)
Prob.ezm{|¢;(2) —¢jl <m, j=1,...,n} >1—2nexp(—mn®/C(M, B)).
Using (3.2) we obtain from here
(34)  Probeczn{lfy— fromlla < nV/2+ Cin"} > 1 — 2nexp(—mn?/C(M, B)).
Choosing € = (Alnm/m) ™2, n = en~'/2 n =[] + 1 we get from (3.4)
Prob.czm{|fu — fzmll2 < (1 + C1)(Alnm/m)==} > 1 —w(m, A; B,r).

We have proved the following theorem.

Theorem 3.1. Let U be a uniformly bounded orthonormal basis, ||1;||cc < B. Then for
fu satisfying (3.2) the estimator f(. ) defined by (3.3) with n = [(m/(Alnm))H;Qr] +1
provides

Prob.czm{||fu — fzm)ll2 < (1 + C)(Alnm/m)==} > 1 —w(m, A; B,r).

3.2. In the previous subsection we considered the case of general uniformly bounded
orthonormal basis. In this subsection we restrict ourselves to the case p =1 (f, = f.)
and also impose some additional (or other) assumptions on a basis ¥ and we obtain error
estimates in the L,-norm. We note that instead of assuming ;= 1 in the arguments that
follow it is sufficient to assume that p < C' with absolute constant C'. Then we obtain
the same results for f, instead of f,. In order to illustrate new technique we consider a
periodic case with a basis 7 the trigonometric system {e?**}. Let V,(x) denote the de la
Vallée-Poussin kernel. We define an estimator for f, by the formula:

1 o 1
(35) fz,VP = E ;yz;vn(x — l'l)

Then for the random variable £(y,u) := y%Vn (r — u) we obtain
1 27 1 27

BO =+ [ Ve —udox =~ [ @V - udu = Vi(5,) @)

It is well known that

IV (Plloo < ClIf[loo-

Also, we have
E(&?) < C(M)n.
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Let z(l) = wl/(4n), L = 1,...,8n. By Bernstein’s inequality for each [ € [1,8n] we have

m€2

PI’Obzezm{ W)

Va(fo)(x(l)) = fovp(z(l)] = €} < 2exp(—

Using the Marcinkiewicz-Zygmund [Z] theorem: for any trigonometric polynomial ¢ of order
N one has

t <C t(km/(2N

Iloo = €1 max Jt(km/(2N))]
we obtain

meZ

(3.6) Prob.czm{||Va(fp) — f2vplloo < Ci€} > 1 —nCyexp(—

We define the class W (7) as the set of f that satisfy the estimate:
If = Va(Pllp < Can™", 1 <p <o

Assume that f, € W/ (7). We specify € = (Alnm/m)™%, n = [e /"] + 1. Then (3.6)
implies

Prob.ezm {[|Va(fo) = fovplloe < Ci(Alnm/m) 77} > 1 — w(m, A)
and
Prob.czm{||f, — fz,vpllp < (C1 4 C3)(Alnm/m)T2r } > 1 —w(m, A).

We point out that in this subsection we have obtained the L, estimates for 1 < p < oo.
We conclude this subsection by formulating the result proved above as a theorem.

Theorem 3.2. Assume p =1 and f, € W (T) with some 1 < p < co. Then the estimator
[z vp defined by (3.5) with n = [(m/(Alnm))“r%] + 1 provides

Prob.czn{[|fy = fovplly < (C1 + Ca)(Alnm/m) T} > 1 —w(m, A).

We note that the estimator f, yp from Theorem 3.2 does not depend on p and depends
on 7 (the choice of n depends on 7). We proceed to construction of an estimator that is
universal for r. We denote

WylT] = {Wy(7)}-

Theorem 3.3. For a given collection W,|T| there exists an estimator f. such that if f, €
W (T) with some r < R then

Prob.ezn{|fp = fallp < C(R)AYV?(lnm/m) T } > 1 —w(m, A).



18 R. DEVORE, G. KERKYACHARIAN, D. PICARD, V. TEMLYAKOV
Proof. We define

Ao :=Vi; As:=Vas —Vosmr, s=1,2,...; As(f) = As* [,
where * means convolution. Using our assumption that f, € W (7) we get for all s
(3.7) |Au(F)lp < K277

with K < (1 4+ 2%)C5. We consider the following estimators

:_Zyz 73—1’1

Similarly to (3.6) with € = (A(2°/m)Inm)'/2 we get for all s € [0, logm]

(3.8) 145 (f) = fszlloo < C1(A(2°/m) Inm)'/?

with probability at least 1 — w(m, A). We now consider only those z that satisfy (3.8). We
build an estimator f, on the base of the sequence {||fs :|p}ic log ™ First, if

(3.9) | fozllp < (CLAY? + K)((2°/m)Inm)'/2, s=0,...,[logm],

then we set f, := 0. We have in this case

(3.10) 1ol < D 1A (Fo) -

s=0

Therefore, for z satisfying (3.8) and (3.9) we get from (3.8)—(3.10), (3.7) that

I £ollp < C1(R)AY?Y " min(2° Inm/m)'/?,277%) < Cy(R)AY?(Inm/m) 75"
s=0

Second, if (3.9) is not satisfied then we let [ € [0,logm] be such that for s € (I,logm]
1fszllp < (CLAYZ + K)((2°/m) lnm)*/?

and

(3.11) 1fizllp > (CLAY? + K)((2'/m) Inm)*/2.

We set n = 2! and
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Then we get from (3.11) and (3.8)
1AL (F)llp = E((2'/m) lnm)*/2.
Therefore, by (3.7) with s = [ we obtain
210421 </ Inm.

Let [y be such that
9(lo=1)(1420) < ) /Ty < Do (1421),

Then for z satisfying (3.8) and not satisfying (3.9) we get

1£5 = Fllp < [1fo = Varo (fo)llp + Z 1A, (f») Hp+ZHA (fo) = fs2llp

s=I+1

< 0527 4 Z (2C1AY? 4 K)((2° /m) Inm) 1/2+201 (2°/m) Inm)"/?
s=I+1 s=0

< C(R)AY*(Inm/m) ™% .
This completes the proof of Theorem 3.3.

We now point out that the above method that has been applied to the trigonometric
system works also for more general systems. Let U = {¢;}52, be an orthonormal basis.
First, we assume that U is the (VP)-system for C. Using notations from the definition of
the (VP)-system we define

Vi (z,u) Z)\k]w] (u).

/f Vq/xu)

Second, we assume that for all k and x,u € X

Then

Denote

\IJ(TL) = Span{djla T 71%}

Third, we assume that for each n there exists a set of points ¢!,..., 6N ¢ X such that
N(n) <n¢ and for any f € ¥(n)
(1) [£llse < O max | £(€1)].

We define the class W' (V) as the set of f satisfying
1f=Pu(H)llp <C'n", 1<p< .

The following analog of Theorem 3.2 holds.
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Theorem 3.2V. Let W be an orthonormal basis. Suppose ¥ is the (VP)-system for C
satisfying (1) and (II). Assume f, € W (¥) with some 1 < p < co. Let ny, be the smallest

that satisfy ni > (m/(Alnm))Tl?r. Define

Z yZV\P (x, ;).

Then
Prob.czm{||f, — follp < C(Alnm/m) Tz} > 1 —w(m, A)

with constants that may depend on C', ¢, C", C' and parameters Ay, Ay, Az from the
definition of the (VP)-system.

The universality technique can also be extended to the bases W from Theorem 3.2¥. We
denote

Wyl ¥] := {W, (¥)}.

Theorem 3.3V. Let U be an orthonormal basis. Suppose V is the (VP)-system for C
satisfying (I) and (II). For a given collection W,[¥] there exists an estimator f, such that
if fo € W, (V) with some r < R then

Prob.ezm{||fy = fally < CAY2(lnm/m) ™} > 1 —w(m, A)

with constants that may depend on C', ¢, C", C' and parameters Ay, Ay, Az from the
definition of the (VP)-system.

The proof of this theorem goes along the lines of the proof of Theorem 3.3. We only
explain the construction of f,. Without loss of generality we may assume that the sequence
{n} from the definition of the (VP)-system satisfies the inequalities

A’lnk <ngy1 < Alllnk, All > 1.
We define

Ay =Vy s AV =VY VY s=1,2,..., Ag’(f)::/f(u)A;P(x,u)du
X

Ns41
Using our assumption that f, € W; (V) we get
|’A;Il(fu)||p < King"

We consider the following estimators

Zyz 37 xz
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Let [ be such that for s € (I,logm] (otherwise we set f¥ :=0)
120 < (C"AY2 + Ky)((ng/m) Inm) /2

and
1A% > (C"AY? + K1)((n/m) Inm)'/2.

We set
ZylV‘I’ x, ;)

3.3. In this subsection we extend the results of Section 3.1 to a wider range of function
classes. We impose a weaker assumption than (3.2). It will be formulated in terms of

nonlinear n-term approximations. Let ¥ be an orthonormal uniformly bounded basis for
La(X), [[¢jlloc < B. Denote

on(f;W)ai= il f = e o
j=1

17"'7kn;cl7"'acn

We will keep notations from subsection 3.1.

Theorem 3.4. Let U be an orthonormal uniformly bounded basis for La(X), ||¢j]cc < B.
Let R > a > 0 be given. We define the following estimator depending on a parameter A

foi= > &(2)1;.

JEMmMP/ )i (2)|22(Alnm/m)1/2

Assume f,, satisfies

(3.12) Un(f,u, \If)z S Cln_r
and
(3.13) 1 = Sulfi)ll2 < Con™™

with r < R. Then
Prob.czm{||f. — fll2 < C(R)(Alnm/m) ™=} > 1 —w(m, A; B, R/a).
Proof. We will be using the inequality (3.1) from subsection 3.1.
(3.14) Prob,ezm{|¢;(2) — ¢j| > n} < 2exp(—mn?/C(M, B)).
Denote for some N that will be chosen later depending on m

A(z,m) =1 € [L,N] : [&(2)] = 2n},
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and define an estimator for f,, by

fomi= Y &(2);.

USNER)
Using (3.14) we obtain

(3.15) Prob,ezm{ AII[lla}]E]] 16;(2) — ¢j| <n} >1— 2N exp(—mn?/C(M, B)).
]e )

Consider those z that satisfy max;c1 n7[¢j(2) —¢;| < n. For these z and j € A(z,7n) we get
lcj| > n. Also, if j is such that |¢;| > 31 then j € A(z,n). Moreover, we have

(3.16) IS (@) - el < nlAGz )] Y2

SNER))
It is not difficult to prove that for f,, satisfying (3.12) one has
. 2
#{i : lejl 2 mp < C(R)n~ 2

and, therefore,

(3.17) A(z,m)| < C(R)p~ 77,

Next,

(3.18) I Y wil <l Y eyl < C(RpT.
JE[L,NN\A(z,m) J:le;1<3n

For all » < R we choose N = [m®/?] and 1 = (Alnm/m)*/2. Then combining (3.12), (3.13),
(3.15), (3.16), (3.17), and (3.18) we obtain

(3.19) Prob.czm{||fu — femll2 < C(R)(Alnm/m) ™% } > 1 —w(m, A; B, R/a).

We stress here that the estimator f, from Theorem 3.4 does not depend on r. In this
sense the estimator f, is universal. It adjusts automatically to the optimal smoothness of
the class that contains f,.

3.4. This subsection is a natural continuation of the previous subsection. We assume
in this subsection that {v;} is an orthonormal basis for Lo(X) satisfying the condition
;oo < Bjt/2,j=1,2,... and impose an extra condition y < C. Then instead of (3.14)
we have by Bernstein’s inequality

m772

C(M, B)(1 +nj'/?)

(3.20) Prob,czm{|¢;(2) — ¢j| > n} < 2exp(— ).
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We use the same notations and definitions as above in subsection 3.3. Instead of (3.15) we
now have

mn2

C(M, B)(1 + nN1/2)

(3.21) Prob,czm{ 'max] 1¢i(2) —¢;| <n} >1—2Nexp(— ).

Jj€E[L1,N

Similarly to the above we get relation (3.16) and relations (3.17), (3.18) for a f,, satisfying
(3.12). We now set

n= (Alnm/m)l/z, N = [77_2] + 1.

Using (3.13) with @ = 755 in the same way as we got (3.19) we obtain now a similar
estimate
(3.22) Prob.czm{||fu — femlla < C(R)(Alnm/m) ™% } > 1 —w(m, A; B, R).

We have proved the following theorem.

Theorem 3.5. Let ¥ be an orthonormal basis for Lo(X) satisfying the condition ||1;|lcc <
Bj'/2?, j=1,2,.... Let R > 0 be given. We define the estimator depending on a parameter

A
fz = Z 5J(Z>¢g
JE[L,m/(Alnm)]:|é;(2)|>2(Alnm/m)1/2

Assume p < C, f,, satisfies (3.10) with r < R and satisfies (3.11) with a = 175.. Then

Prob.ezn{||fu — fll2 < C(R)(Alnm/m) 7=} > 1 —w(m, 4; B, R).

In this case the estimator f, is also universal.

We will make a remark how estimators for f, and f,, can be used. Let us denote here an
estimator for f, by ff and an estimator for f, by f#. We mentioned in the Introduction
that we can use f¥ to estimate [g f,dpx by [¢ f/'dx within the error || f, — fF||z,. We will
now estimate the following integral: fs fgdpx. We estimate it by fs fP fldx. Suppose we
have

1 fo = follLipy <er and  |[[fy — flL, <eo.

Then
[f = FLFEL <\ foulfo = FON A 121 fore = FL-

Using |f,| < M, |f?| < M we get

1f5m = f2f 2L,y < M(er + e2).

Therefore, for any S C X the integral [ f2fldx gives the integral [ f2dpx within the
error M (e1 + €3).
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