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CONVERGENCE OF GREEDY APPROXIMATION
FOR THE TRIGONOMETRIC SYSTEM!

S.V. KONYAGIN AND V.N. TEMLYAKOV

ABSTRACT. We study the following nonlinear method of approximation by trigonometric poly-
nomials in this paper. For a periodic function f we take as an approximant a trigonometric
polynomial of the form G (f) := > ;ca f(k:)ei(k"”), where A C Z% is a set of cardinality m
containing the indices of the m biggest (in absolute value) Fourier coefficients f(k) of function
f. Note that Gn(f) gives the best m-term approximant in the La-norm and, therefore, for
each f € Lo, ||f — Gm(f)|l2 — 0 as m — oco. It is known from previous results that in the
case of p # 2 the condition f € L, does not guarantee the convergence ||f — Gm (f)|lp — 0 as
m — oo. We study the following question. What conditions (in addition to f € L,) provide the
convergence || f — Gm/(f)|lp — 0 as m — oo? In our previous paper [10] in the case 2 < p < oo
we have found necessary and sufficient conditions on a decreasing sequence {A,}5% ; to guar-
antee the Lp-convergence of {Gpm (f)} for all f € Ly, satisfying an(f) < Ay, where {an(f)}
is a decreasing rearrangement of absolute values of the Fourier coefficients of f. In this paper
we are looking for necessary and sufficient conditions on a sequence {M(m)} such that the
conditions f € Lp and (|G prim)(f) — Gm(f)llp — 0 as m — oo imply ||f — Gm(f)|lp — 0 as
m — o0o. We have found these conditions in the case p an even number or p = co.

1. INTRODUCTION

We study in this paper the following nonlinear method of summation of trigonometric
Fourier series. Consider a periodic function f € L,(T%), 1 < p < 00, (Leo(T9¢) = C(T4)),
defined on the d-dimensional torus T?. Let a number m C nN be given and A,, be a set of
k € Z¢ with the properties:

. in |f(k)| > f =
(1.1) krggllf(kﬂ_krgii\f(kﬂ, |Am| =m,

where

Flk) = (2m)~¢ 5 Fx)e ik2) gy

is a Fourier coefficient of f. We define

Gulf) = S () = 3 i)
keEA,
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and call it a m-th greedy approximant of f with regard to the trigonometric system 7 :=
{e!®)} _,a. Clearly, a m-th greedy approximant may not be unique. In this paper we do
not impose any extra restrictions on A,, in addition to (1.1). Thus theorems formulated
below hold for any choice of A,, satisfying (1.1) or in other words for any realization G,,(f)
of the greedy approximation.

There has recently been (see surveys [4], [12], [9]) much interest in approximation of
functions by m-term approximants with regard to a basis (or minimal system). We will
discuss in detail only results concerning the trigonometric system. T.W. Koérner answering
a question raised by Carleson and Coifman constructed in [6] a function from Ly(T) and
then in [7] a continuous function such that {G,,(f)} diverges almost everywhere. It has
been proved in [11] for p # 2 and in [3] for p < 2 that there exists a f € L,(T) such that
{Gn(f)} does not converge in L,. It was remarked in [12] that the method from [11] gives
a little more: 1) There exists a continuous function f such that {G,,(f)} does not converge
in L,(T) for any p > 2; 2) There exists a function f that belongs to any L,(T), p < 2,
such that {G,,(f)} does not converge in measure. Thus the above negative results show
that the condition f € L,(T%), p # 2, does not guarantee convergence of {G,,(f)} in the
L,-norm. The main goal of this paper is to find an additional (to f € L,) condition on f to
guarantee that ||f — G, (f)|l, — 0 as m — co. Some results in this direction have already
been obtained in [10]. In the case 2 < p < oo we found in [10] necessary and sufficient
conditions on a decreasing sequence {A,}°2, to guarantee the L,-convergence of {G,,(f)}
for all f € L, satisfying a,(f) < A,, where {a,(f)} is a decreasing rearrangement of
absolute values of the Fourier coefficients of f. We will formulate three theorems from [10].

For f € Ly(T%) let {f(k(1))}:2, denote the decreasing rearrangement of {f(k)}reza, i-e.

~

(1.2) kL) = |f(R2)] = ...

Denote an(f) := |f(k(n))).

Theorem 1 [10]. Let 2 < p < oo and let a decreasing sequence {A,}>2, satisfy the
condition:

(1.3) Ap =o(ntP™Y) as n— oco.
Then for any f € L,(T%) with the property a,(f) < A,, n=1,2,..., we have

(14) Tim [f = Gl = 0.

We also proved in [10] that for any decreasing sequence { A, }, satisfying

limsup A,n' =P >0

n—oo

there exists a function f € L, such that a,(f) < A,, n =1,..., with divergent in the L,

sequence of greedy approximants {G,,(f)}.
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Theorem 2 [10]. Let a decreasing sequence {A,}52 1 satisfy the condition (A ):
(1.5) Z A, =o0(1) as M — oc.

M<n<eM

Then for any f € C(T) with the property a,(f) < A,, n=1,2,..., we have
(1.6) i [/~ G ()oe = 01

The following theorem shows that the condition (A ) in Theorem 2 is sharp.

Theorem 3 [10]. Assume that a decreasing sequence { A, }22; does not satisfy the condition
(Aso ). Then there exists a function f € C(T) with the property a,(f) < Ap, n=1,2,...,
and such that we have

limsup [[f — G (f)llec >0

m—00

for some realization G, (f).

In this paper we concentrate on imposing extra conditions in the following form. We
assume that for some sequence {M(m)}, M (m) > m, we have

(1.7) |G rs () (f) = G f)llp = 0 s m — oo.

This exrta assumption on f is in a style of A.S. Belov [2]. He studied convergence of Fourier
series in L, with p = 1, oo and imposed extra conditions on f in the form ||.Sa,, (f)—S.(f)|l, =
0(1). In the case p is an even number or p = co we find necessary and sufficient conditions on
the growth of the sequence {M(m)} to provide convergence || f — G (f)|l, — 0 as m — oo.
We prove the following theorem in Section 3 (see Theorem 3.2).

Theorem 4. Let p = 2q, ¢ € N, be an even integer, 6 > 0. Assume that f € L,(T) and
there exists a sequence of positive integer M(m) > m'T® such that

|G rtm) (f) = G f)llp = 0 as m — oo,

Then we have
Nf=Gm(f)llp =0 as m — oc.

In Section 4 we prove that the condition M (m) > m!'*? cannot be replaced by a condition

M(m) > m**t°() The following theorem is a direct corollary of Theorem 4.1.

Theorem 5. For any p € (2,00) there exists a function f € L,(T) with divergent in the
L,(T) sequence {Gn,(f)} of greedy approzimations with the following property. For any
sequence {M(m)} such that m < M(m) < m'*°M) we have

1Grimy (f) = G ()llp = 0 (m — 0).

In Section 5 we discuss the case p = oo. We prove there necessary and sufficient conditions
for convergence of greedy approximations in the uniform norm. For a mapping a: W — W
we denote oy, its k-fold iteration: o := v o 1.

3



Theorem 6. Let o : N — N be strictly increasing. Then the following conditions are
equivalent:

a) for some k € N and for any sufficiently large m € N we have ay(m) > e™;

b) if f € C(T) and

then
If = Gm(flle =0 (m — o0).

The proof of necessary condition is based on the above Theorem 3 from [10]. In the proof
of sufficient condition we use the following special inequality (see Theorem 2.1 in Section
2).
By ¥,,(7) we denote the set of all trigonometric polynomials with at most m nonzero
coefficients.

Theorem 7. For any h € ¥,,(7) and any g € Lo one has

(1.8) 7+ glloe = K2 Alloo — e“™ [{g(k)Hlew, K > L.

We note that in the proof of the above inequality we use a deep result on the uniform ap-
proximation property of the space C(X) (see [5]). Section 2 contains some other inequalities
in the style of (1.8).

Greedy approximations are close to thresholding approximations (thresholding greedy
approximations). Thresholding approximations are defined as follows

Ta(f) = SA(&)(f) = Z f(k)ei(k7m)7 €>0.

ki f (k)| >e

Clearly, for any € > 0 there exists an m(e) such that T:(f) = G,(¢)(f). Therefore, conver-
gence of {G,,(f)} as m — oo implies convergence of {T.(f)} as ¢ — 0. In Sections 3-5 we
obtain results on convergence of {T.(f)} , € — 0, that are similar to the above mentioned
results on convergence of {G,,(f)}.

We use the same notations in both cases d = 1 and d > 1. We point out that in Sections
2,3 we consider the general case d > 1 and in Sections 4,5 we confine ourselves to the case
d = 1. The reason for that is that we prove necessary conditions in Section 4 and in a part
of Section 5, where, clearly, we consider the case d = 1 without loss of generality. We note
that sufficient conditions in Theorems 5.1 and 5.2 also hold for d > 1 (the proof is the same
with natural modifications).

2. SOME INEQUALITIES

In this section we prove some inequalities that will be used in the paper. The general
style of these inequalities is the following. A function that has a sparse representation with

regard to the trigonometric system cannot be approximated in L, by functions with small
4



Fourier coefficients. We begin our discussion with some concepts that are useful in proving
such inequalities.

The following new characteristic of a Banach space L, plays an important role in such
inequalities. We introduce some more notations. Let A be a finite subset of Z¢. By |A| we
denote its cardinality and by 7 (A) the span of {e*(¥*)}, . Tt is clear that

Ym(T) = Unqaj<mT (A).
For felL, FeLy,1<p<oo,p =p/(p—1), we write

(F, f) = /Td Ffdu, dup:= (2r) 4.

Definition 2.1. Let A be a finite subset of Z¢ and 1 < p < co. We call a set A’ := N (p, ),
v € (0,1] a (p,y)-dual to A if for any f € T(A) there exists F' € T(A') such that |[F||, =1

and (F, f) = 7| f]lp-
Denote by D(A, p,~y) the set of all (p,y)-dual sets A’. The following function is important

for us
v(m,p,v) = I e ot |A'].
We note that in a particular case p = 2¢q, ¢ € N we have
(2.1) v(m,p,1) <mP 1L,
This follows immediately from the form of the norming functional F' for f € L,:
(2.2) F = f D fII 7P
We will use the quantity v(m,p,7) in greedy approximation. We first prove a lemma.

Lemma 2.1. Let 2 <p <oo. For any h € ¥,,(T) and any g € L, one has
1h+gllp = VIRl = v(m, p, ) PI{a(k) e

Proof. Let h € T(A) with |A] = m and let A’ € D(A, p,~y). Then using the Definition 2.1
we find F'(h,v) € T(A’) such that

[E(h, )y =1 and  (F(h,7),h) > [k
We have
(F'(h,7),h) = (F(h,v),h+ g) = (F(h,7),9) < [[h + gllp + [{F(h,7), 9)]-
Next,

[(F (), a)| < IKE Ry ) () Hlea G (R) Hlewe -
Using F'(h,v) € T(A’) and the Hausdorf-Young theorem [14,Chap.12,Section 2| we obtain

K By ) (B) Ly < [N [FHPILE (R, ) (R) e, < [N [FHPE (B ) [l = AP,
It remains to combine the above inequalities and use the definition of v(m, p, 7).
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Definition 2.2. Let X be a finite dimensional subspace of L,, 1 < p < oo. We call a
subspace Y C Ly a (p,v)-dual to X, v € (0,1}, if for any f € X there exists F' € Y such
that |[Fllp = 1 and (F, f) = 7]/ f[p-

Similarly to the above we denote by D(X,p,~) the set of all (p,~)-dual subspaces Y.
Consider the following function

w(m,p,7y):=  sup inf dimY.
X:dim X=m YE€D(X,p,7)

We begin our discussion by a particular case p = 2q, ¢ € N. Let X be given and eq, ..., e,
form a basis of X. Using the Holder inequality for n functions f1,..., fn, € Ly,

15l < Uil 1
with f; = |ej|p/, n = p— 1 we get that any function of the form
m
[Lle:
i=1

belongs to L, . It now follows from (2.2) that

i, ki eN, fjk:i:p—l,
=1

(2.3) w(m,p,1) <mP~', p=2q, qge€N.

There is a general theory of uniform approximation property (UAP) that provides some
estimates for w(m,p,vy). We begin with some definitions from this theory. For a given
subspace X of L,, dim X = m, and a constant K > 1 let k,(X, K) be the smallest k£ such
that there is an operator Ix : L, — L, with Ix(f) = f for f € X, |[Ix|r,~1, < K, and
rank Ix < k. Denote

kpy(m,K):= sup ky(X, K).
X:dim X=m
Let us discuss how kj(m, K) can be used in estimating w(m, p,y). Consider I% the dual to
Ix operator. Then HI}‘(HLP,_)LP, < K and rank Iy < k,(m,K). Let f € X, dim X = m,
and let Fy be the norming functional for f. Define

F= Ik (Fp) /X (F) [l

Then (f € X)
(fi Ix(Fy)) = (Ix(f), Fr) = {f, Fp) = | fllp
and
[ x (Fp)llp < K
imply

(. F) = K| fllp-
6



Therefore
(2.4) w(m, p, K1) < ky(m, K).

We note that the behavior of functions w(m,p,v) and k,(m, K) may be very different. J.
Bourgain [1] proved that for any p € (1,00), p # 2 the function k,(m, K) grows faster
than any polynomial in m. The estimate (2.3) shows that in the particular case p = 2gq,
q € N the growth of w(m,p,~) is at most polynomial. This means that we cannot expect
to obtain accurate estimates for w(m, p, K ~!) using the inequality (2.4). We give one more
application of the UAP in the style of Lemma 2.1.

Lemma 2.2. Let 2 < p <oo. For any h € ¥£,,(T) and any g € L, one has

(2.5) 17+ gllp > K H1Allp = kp(m, K)2|lg]l2;

(2.6) 1h+ gllp = E=2|All, — kp(m, K){g(8) e -

Proof. Let h € T(A), |A] = m. Take X = T(A) and consider the operator Ix provided by
the UAP. Let 11, ...,%p form an orthonormal basis for the range Y of the operator Ix.

Then M < k,(m, K). Let
M

IX<ei(k,m)) — Z C?%v

j=1

Then the property ||Ix||z, .z, < K implies
M | |
(Z ‘C;;|2)1/2 — HIX(ez(k,x))HQ < HIX(el(k’m))Hp < K.
Jj=1

Consider along with the operator Ix a new one

A= (27r)_d/ TiIxT _.dt
Td

where T} is a shifting operator: T;(f) = f(- +t). Then

M M
APy =3 " (2m) 4 / e B0 (w4 t)dt = (O ey (k))e' ),
i=1 T =1

Denote



We have
M Mo
(2.7) ST < ST IS 1y (k) 2) < KA.
k E j=1 j=1

Also A\ = 1 for k € A. For the operator A we have
Alz, -z, <K and ||Allp,_r. < KM

Therefore
AR+ g)llp < K|l +gllp

and
IA(R+ g)llp > [|B]l, — K M| g]|2.

This proves inequality (2.5).
Consider the operator B := A?. Then

B(h)=h, heT(A); BE®)=xeE kezd |B|,-1, <K

and, by (2.7),
IB()loo < D ML (R)Y lew < K2MI{F (K)o
k

Now, on the one hand
IB(h+9)llp < EZ[Ih+ gll,

and on the other hand
IB(h+9)llp = lh+ B(9)ll, > |hll, — KM |{g(k)}e..-

This proves inequality (2.6).
Theorem 2.1. For any h € ¥,,(7T) and any g € Lo, one has

17+ glloo = K| Rlloc — e“U™/ 2 g]l2;
17+ glloo = K 2|IR]lo — e“O™ [{g(R)} e

Proof. This theorem is a direct corollary of Lemma 2.2 and the following known (see [5])
estimate
koo (m, K) < eCU™,

As we already mentioned k,(m, K') increases faster than any polynomial. We will improve
inequality (2.5) in the case p < oo by using other arguments.
8



Lemma 2.3. Let 2 <p < oo. For any h € ¥,,(T) and any g € L, one has

1+ glp > 1R]l5 = pm =24 [2 | g

Proof. Since the function f(z) = |z|? is convex, we have f(z—y) > f(z)—yf'(x). Therefore,
(2.8) [l +glP = [hP — p|h[P~Y|g].

Taking the integral of (2.8) over T with respect to the measure p with dy := (27) "%z we
get

(2.9) / |h+g\de2/ Ih\pdu—p/ R [P~ gldp.
Td Td Td

Next, by Cauchy’s inequality,

1/2
/\hlp‘llgld#§</ |h\2p_2dﬂ/ IQIQdu)
Td Td Td

1/2
(2.10) <lgll [, 1P IR 2d) = gl s>,

Using Cauchy’s inequality again, we obtain
(2.11) hlloe < m"2R]l2 < m"2||h],.

Combining (2.9)—(2.11) we complete the proof of Lemma 2.3.
We will mention some known inequalities in a style of inequalities in Lemmas 2.1-2.3.

Lemma 2.4 [10]. Let 2 <p < oo and h € Ly, ||h||, # 0. Then for any g € L, we have

Rllp < 17+ gllp + (1Pll2p—2/17l1)P~ llgll2.

Lemma 2.5 [10]. Let h € ¥,,,(7), |hllcc = 1. Then for any function g such that ||g||2 <
1 (4mm)~™/2 we have
17+ glloe = 1/4.

We proceed to estimating v(m, p,v) for p € [2,00). In the special case of even p we have
by (2.1) that
v(m,p,1) <mP 1L,

9



Lemma 2.6. Let 2 < p < co. Denote a :=p/2 — [p/2]. Then we have

U(m,p, ’7) < mc(a,'y)ml/%i—p—l.

Proof. In the case p an even number the statement follows from (2.1). We will assume that
p is not an even number. Let A C Z%, |A| = m be given. Take any nonzero h € 7 (A) and
assume for convenience that ||h||, = 1. We wil | construct a y-norming functional F'(h,~)
((F,h) > 7||h|lp ). We use the formula for the norming functional of h

F = ||l PRIk~ = R(|R?)P/27 = R(|A1) P24 (|0)2)".
By (2.11), we have
I7]loe < m?/2.

The idea is to replace (|h|?)® by an algebraic polynomial on |h|>. We approximate the
function =® on the interval [0, m]. We use the Telyakovskii’s result [13]: there exists an
algebraic polynomial of degree n such that

(2.12) [y* = Pu(y)| < Cr(a)(y'/2/n)*, € [0,1].
Substituting y = x/m into (2.12) we get
2% — m® P, (z/m)| < C1(a)z®/?m/?n=,

We take 6 = }l:r—:: € (0,1) and choose n(m) < Ca(a,v)m!/? with Cy(a,~) big enough to
have
C1(a)z®?m®?n= < 9z/?,

Denote B
Fo := 1m0 Py ([P fm) (| h[?) 27217,
Then (z = |h|?)
|F — F,,| < 0|h|?P/A- 1+

Therefore,
(2.13) I = Fplly < O] PP/2I7 1
Using 2[p/2] = p — 2a we get
(2.14) AP < AP ey = IRIEZET < RIE ! =1
Combining (2.13) and (2.14) we get

||F - Fm“p’ <90.
This implies that

[Emllpy <140

and

(Fms h) = (F h) + (Fop = F R) > Al = 0[]l = (1 = 0)[[Al],-
Thus F(h,v) := Fn/||Fmllp is a y-norming functional for h. It remains to note that the
dimension of a subspace 7 (A’) containing all Py, (|h|?/m)h(|h|?)P/2=1 when h runs over
T (A) does not exceed me(enm!/*+p=1,

10



3. SUFFICIENT CONDITIONS IN THE CASE p € (2,00)

We will prove now several statements which give sufficient conditions for convergence of
greedy approximation in L,, 2 < p < oo.

Theorem 3.1. Let p = 2q, ¢ € N, be an even integer. For f € L,(T%) assume that two
sequences N,, and Yy, of sets of frequences satisfy the following conditions

(3.1) A | <m®,  a>0,
(3.2) sup [ f(k)| = o(m® 7)),
kgy’r‘n

154, (f) = Sy, (F)llp =0 as m — oo.

Then we have
1Sa,,, (f) = fllp =0 as m — oc.

Proof. We use the M. Riesz theorem [8, Chap. 4, Section 3] that for all 1 < p < co we have
the convergence ||f — Sy (f)|l, — 0 as N — oo, where

Sn(f)i= 3 F)e®, K(N) = {k: max [k| < NV4).
J

kEK(N)
Let R
em = sup |f(K)|, N =[m"].
kQY’H’L
We estimate
(3.3) SN (f) = Sy, (Fllp <
<l Y fREEI Y FREEI |, = 1S, + (Sl
k:|k|<N;kZY,, k:|k|>N;k€Y,,

We have by the Paley theorem [14, Chap. 12,Section 5] that
IZ1llp = O(em N 7P) = o(1).
For the second sum we have
(3.4) Se=f-Sn(f)—g with g:= Y f(k)e'™").
k:|k|> N3 k€Y,

Let us rewrite
(3.5) Yo = (Id = SN)(Sy,.(f)) =
= (Id — SN)(Sa,, (f)) + (Id — SN)(Sy,, (f) = Sa,, (f)) = ha + ha.

By the theorem’s assumption and the M. Riesz theorem we get ||hz||, = o(1) and, therefore,
we get from (3.4) and (3.5) that ||h; + g[|, = o(1). We note that h; is a polynomial with
at most m terms and g is a function with small Fourier coefficients. We have the following
lemma for this situation.

11



Lemma 3.1. Let p =2q, q € N, be an even integer. Assume that h is an m-term trigono-
metric polynomial and g is such that |§(k)| < e for all k. Then

IRlly < Ih+ gllp +mP~ e,

Proof. This lemma follows from Lemma 2.1 and the estimate (2.1).

Applying Lemma 3.1 we get for hy that ||h1]|, = o(1) and, therefore, || Xz]|, = o(1). This
implies in turn (see (3.3)) that

1SN (f) = Sv,.. (f)llp = o(1).

Thus we get ||f — Sa,,(f)|lp — 0 as m — oo. The proof of Theorem 3.1 is complete.
We now formulate a straightforward corollary of Theorem 3.1. Let us note first that
convergence of {G,,(f)} in L, is equivalent to

|G (f) = Gn(f)llp =0 as m,n — oo.

Corollary 3.1. Let p=2q, ¢ € N, be an even integer. For f € L,(T%) assume that there
exists a sequence {em}, €m = o(m'™P), such that

|G (f) = Te,, (H)llp = o(1).

Then
’|Gm<f)_f||p_>0 as m — o0.
We now present some results in the direction of weakening the assumption ¢, = o(ml_p)

in Corollary 3.1.

Theorem 3.2. Let p=2q, g € N, be an even integer, § > 0. Assume that f € L,(T¢) and
there exists a sequence of positive integers M (m) > m'*? such that

(3.6) 1Gm () = Gragmy(Pllp — 0 as m — oo,

Then we have
’|Gm<f)_f||p_>0 as m — o0.

Proof. Let mo := m, m; := M(mj_1) for j € N. We have m; > m1+9’  Fix Jo >
log(2p)/log(1 + 6). Let Mo(m) :=m;,. We have My(m) > m?". Also, by (3.6),

|G (f) = Gargem) (f)llp — 0 as m — oc.

Let A, and Y;, be defined from G,,(f) = Sa,, (f) and Gugym)(f) = Sy,,(f). Using that
arty(m)(f) = O(Mo(m)~1/2) = O(m™P) = o(m'~P), we complete the proof of Theorem 3.2
by Theorem 3.1.

12



Theorem 3.3. Let p =2q, g € N, be an even integer, § > 0. Assume that f € L,(T¢) and
for any e > 0 there is an n(c) < e such that

(3.7) IT-(f) = Ty (D)llp = 0 as &0,

Then we have
| Te(f) = fllp =0 as e—0.
To prove this theorem we need the following simple lemma.

Lemma 3.2. Let p > 2 and § > 0, For any f € L,(T?) there is an €7, > 0 with the
following property. For any € € (0,e5,) there exists an m(e) such that g~p/(=D+d
m(e) < e 2 and

HGm(E)<f) - Ta(f)“p —0 as —0.
Proof. We have G, o)(f) = Sae)(f) for mi(e) = |A(e)|. Moreover, the condition f €
Ly(T%) implies my(e) = o(e™2). If my(e) > e ?+9 where p’ = p/(p — 1), then we put
m(e) = my(e). Suppose that m; < e P19 Let my(e) = [e7? ], m(e) = ma(e) + ma(e).
By the Hausdorff-Young theorem we have

|Gy () = Gy (Hlp < ma(e)/P'e =0 as e =0

and, moreover, e P/(P=D+ < n(g) < 72 for small e. This proves the lemma.
Proof of Theorem 3.3. By Lemma 3.2 we find m(e) satisfying eP' 0 < m(e) < e~ 2 and

HGm(E)<f) - T€(f)||P —0 as e¢—0.

Proceeding as in the proof of Theorem 3.2, for any ¢ > 0 we get the n(c) < e?’ < m(eg)™?
such that

(3'8) HT€<f) - Tn(E)(f)Hp —0 as e¢—0.
We now apply Theorem 3.1 with A,, ) and Y,,,(.) defined from

Gm(s)(f) = SAm(g) (f)a Tn(s)(f) = SYm(g) (f)
The proof of Theorem 3.3 is complete.

Theorem 3.4. Let p=2q, q €N, be an even integer, § > 0. Assume that f € L,(T?) and
for any positive integer m there exists an €(m) < mP=1=9 such that

|G (f) = Temy()llp — 0 as m — oc.

Then we have
HGm(f>_f||p_>O as m — Q.

Proof. 1t is clear that it suffices to prove the theorem for small 6. Let 0 < § < p’ — 1/p’.
Applying Lemma 3.2 with e = £(m) we get the existence of M(m) > m!'*™® with some
0" > 0 such that

|Gy (f) = Gm(f)llp =0 as m — oo

It remains to use Theorem 3.2.
13



4. NECESSARY CONDITIONS IN THE CASE p € (2,00)

Theorem 4.1. For any p > 2 there exists a function f € L,(T) such that
1) if two sequences {A;} and {Y;} of sets of frequencies satisfy the conditions

sup |f(k)| <e; = inf |f(k)],

kZA, keA;
<d; = inf |f(k
sup 1) <8 = jnt 10,
AjC:}Q
and either
V5] = A0 (j — o0)
or ot
0= (j = 0),
then

15a;(f) = Sv; (F)llp =0 (G = o0);

2) liminf. o || f — Zk: |F(k)|>e f(k)eikwnp > 0.

Let M be a sufficiently large positive integer, nx (1 < k < M) be independent random
variables such that each ny takes value n, 1 < n < M, with probability 1/M. We will use
the following probabilistic inequality.

Lemma 4.1. There is a constant C1 = C1(p) such that for any function g : {1,..., M} —

R with Zr]\il g(n) = 0, independent random variables { = g(ni), and complex numbers
21y 2M, with |z < 1, (k=1,..., M) we have

M
E(
k=1

Proof. First assume that the numbers z1, ..., 2y are real. We observe that E({;) = 0 for
k=1,...,M. By Rosenthal’s inequality, we have

M
E(
k=1

> &z
(4.1) < C(p) (ME(&I?) + M7 (B(E)"?).

p
) < CiMP? (E(€])"”.

P M M p/2
) <o) | S 1lPE(E ) + (Z zzE<£%>>

k=1 k=1

Further,

M M p/2
B = 57 2o §M<Zg<”)2> = M2 ()"



After substitution of the last inequality into (4.1) we get

d

Finally, if the numbers z1, ..., z); are complex then

o (355 ) < (35 )

M
> &
k=1 k=1
<27 20(p) M (B(¢2)"?,

M

> &z

k=1

) < 20(p)M"/? (B(ED)"”.

M
> &Sz
k=1

)

and the lemma is proved.
We will need some properties of random trigonometric polynomials.

Lemma 4.2. Let b= (by,...,bys) be real numbers such that 21]{\4:1 b, =0. Then
M .
E[| Y by ™5 < Cp)|bll7,-
k=1

Proof. We use Lemma 4.1 with g: g(n) = by, z, = €™, n=1,..., M. We get by Lemma
4.1 for each x

M
E| > by, e*|P < Oy (p) MP/A(B(E}))P/2.

k=1
Therefore,
M M
B[ Dby el = B Y by ™[l < Cu(p) MPP2(B(ET))"*.
k=1 k=1
We have
LM
B(&) = 17 YO0 = [bl,/M.
n=1
This completes the proof of Lemma 4.2.
For a given a = (ay,...,aps) consider the following random polynomials
t(x) := Z an, ™ — syDyr(z) /M
nwel
where I C [1, M] is an interval and
M
ST ::Zan; Dy (z) ::Zelkx.
nel k=1

Below we use the notation log for logarithm with the base 2.
15



Lemma 4.3. We have for any A > 0, M > 8,
P{ max |[[t%||, < AYP3log M|all¢,} > 1 — Ca(p)A~ ' log M.
1C[1,M)
Proof. First, by Lemma 4.2 with b,, = a,x;(n) —s;/M,n=1,..., M, we obtain

E[[t¢]|2 < C(p Zb2 P/2,

Next,

M=
=
IA
M=

2((anxr(n))? + (s1/M)?) Za + M( Zan )§4Zai.

nel nel nel

S
I
—
S
I
—

Hence,
E[tf]p < 4C(p)(D a)P>.
nel

Denote 1(j,1) := (271,27(1+ 1)]N[1,M], j=0,...,J,1=0,1,... with J := [log M] + 1.
Then for any j € [0, J]

D Eltiplls <4Cm) Y (Y ai)?’? <4C(p)|ally,.
1=0 1=0 nel(j,l)

Using Markov’s inequality: for any nonnegative random variable X, and t > 0
P{X >t} <E(X)/t

we get for each j € [0, J]

P lltd,pllb > Allall?,} < 4C(p)/A.
=0

Since every interval I C [1, M| with integer endpoints can be represented as a union of at
most 2J + 1 disjoint dyadic intervals I(j,1) we obtain

P{ max [lif], < AP (21og M +3)|alle, } > 1 = 4C(p)(log M + 2)/A.

Lemma 4.3 is proved.

16



Lemma 4.4. Letay; > as > --->ap > 0. Then for each n € [1, M]

P{||{k:an, >an}| —n|>M"?log M} < 2e~Cla M),

Proof. We use the probabilistic Bernstein inequality. If £ is a random variable (a real valued
function on a probability space Z) then denote

o?(€) == E(¢ — E(¢))*

The probabilistic Bernstein inequality states: if | — E(£)| < B a.e. then for any € > 0

Zezm{\_25zl |>6}<26XP< 2(02(£)+B5/3))'

We define a random variable 3 as follows

B(k)=1 if ay >an; P(k) =0 otherwise.

Then
P{p(k) =1} =P{n € [1,n]} =n/M.
Also
E(B3) =n/M; o*(3)=1—-n/M)n/M < 1/4,
and

M
[({k:ay, > an}l =) B(K)
k=1

Applying the Bernstein inequality for 8 with m = M and ¢ = M~'/?log M we obtain
Lemma 4.4.

It will be convenient for us to use the following direct corollary of Lemma 4.4.

Lemma 4.5. Letay > as > --->ayp > 0. Then
P{ max |[{k:a, >a,}|—n|>M"/?logM} < 2M e~ Cllos M)*
1<n<M
We will now consider some specific polynomials that will be used as building blocks of

a counterexample. For a given p € (2,00) we take v € (max(3/4,2/p),1). For M € N we
denote my := my (M) := [M7] + 1. Let mg := ma(M) be such that

mo—1 M m2
1
(4.2) E (n4+mp)~t < 3 E (n+mq)” E (n4+mq)~L
n=1 n=1 n=1

17



We define a,, := a,(M) := (n +m1)~! for 1 <n < mo, and a,, := ap,(M) := —(n+my) !
for my < n < M. We consider the following random trigonometric polynomials

M
Py (z) := Z ap, €™
k=1

We also need some polynomials associated with Pp;. For arbitrary integers n; and nao,
0 <ny <ng <M, we define I := (nq,ns],

na
St = Spyny 1= g Q-
n=ni+1

We consider the following function g : {1,..., M} — R:

an — Sr/M, ne€l;
g(n) = .
—S1/M, otherwise,

the following random variable & = g(nr), (1 < k < M), and the random trigonometric
polynomial

1) = 3 et
k=1
It is easy to see that
(4.3) Pi(z) =Y ape*® =t§(z) + S/ Dy (x)/M.

el

We need the following well-known lemma.

Lemma 4.6. Let

Then
CoM'=YVP < |D|, < CsM*~1/P

for some positive Co = Co(p) and C3 = C3(p).
Applying Lemma 4.3 with A = (log M)? we obtain

(4.4) P{ max 151l < 3(1og M)*my %} 2 1= Ca(p)/log M.
By Lemma 4.5

(45)  P{ max [[{k:|Py(k)| > (my+n) "'} = n| = M*/?log M} < 200",
o 18



Therefore, for M > Mj(p) there exists a realization a,y, , . . ., a,,, such that for the polynomial
Py we have: for any I C [1, M]

(4.6) 131, < 3(log M)>M ~/2
and for any n € [1, M]
(4.7) \[{k : |Par (k)| > (m1 + 1)~} —n| < MY?1og M.

We will use polynomials satisfying (4.6), (4.7). We also need some other properties of these
polynomials. We begin with two simple properties:

(4.8) |Parllp < 3(log M)?>M~7/2 4 C(p)M~1/P=7
and for I = (n1,no)
(4.9) 1P|, < 3(log M)2M =72 4+ CM~YP(In(my + ny) — In(my +ny)).

The estimate (4.8) follows from (4.3) with I = [1, M], (4.6), Lemma 4.6, and (4.2). The
estimate (4.9) follows from (4.3), (4.6), Lemma 4.6, and the inequality

|S7| < Z(n + ml)_l < C(In(mqg + ng) — In(my 4 ny)).
nel

Let g9 := (my +mg)~t. Then

T:o (Pm) = Z ankeikw = Piimo)-

ik €[1,m2]
Using (4.3), Lemma 4.6, and (4.6) we obtain
(4.10) I Teo (Par)llp = C1S1 my) M ~Y/P = 3(log M)?M /% > CoM 1P In M
provided M > M;(p,~).
We now estimate from above the ||T5(Par) — Te(Par)l|p for arbitrary e > § > 0. It is

clear that it is sufficient to consider the case a; > & > & > |ap|. We define the numbers
1 <ny <ng <M as follows

|, | =€ > |an, +1],  |an,| =8 > [an, 41|
(we set apry1 :=0). Let I = (ny,ns]. Then

Ts(Pys) — To(Py) = Py
19



By (4.9) we get

(4.11) | Ts5(Pas) — Te(Pas)|lp < 3(log M)2M~7/2 £ CM~YP(Ine — Iné).
We note that the condition § > '+ implies

(4.12) | Ts5(Pas) — Te(Pag)lp < 3(log M)2M~7/2 4 CaM /P log M.

We now set ¢, := |a,| and estimate ||G,,(Par) — 1%, (Pa)|lp. We have

n

TE (PM> = P[l,n]-

n

Let

Gn(PM) = Z PM(]{)GZIM, |An‘ =n,
keA,

and let I,, be such that

T.,(Py) = > Pu(k)e™.

It is clear that we have either A,, C I,, or I,, C A,,. Hence, for
Zn = (A \ 1) U (I, \ Ay)

we get
| Zn| < [[An] = [1n]|-

By property (4.7) we obtain
| Zn| < MY %log M,

and

n

(4.13) |G, (Par) — T, (Par)|lp < C(MY?log M)=Y/PA—,

We now take two numbers 1 < n < m < M and estimate ||G,,(Par) — Gn(Par)llp- By
(4.13) we have

(4.14) (|G (Par) = Go(Par)llp < 2C0(MY2log M) =P M =7 4+ || T, (Par) — Te,, (Par) |-
Using (4.11) we continue
(4.15) < 2C(M*Y?1og M)*=Y/P M~ 4 3(log M)*M /2

+C M ~YP(In(m + my) — In(n + my)).
20



Proof of Theorem 4.1. We define two sequences of natural numbers. Let M; be a big enough
number to guarantee that there are polynomials Py;, M > M;, satisfying (4.6)—(4.15). For
v > 1 we define

M, = 4M?2.

We define N; = 0 and for v > 1 we set

Nyy1 =N, + M,.

Let
(4.16) f(z) = ZMj/p(logMy)_leiN”xPMy(x).
pn=1

It follows from (4.8) and the inequality v > 2/p that the series (4.16) converges in the L,
norm. It follows from (4.10) that the statement 2) from Theorem 4.1 is satisfied. We now
proceed to the proof of part 1) of Theorem 4.1. Let A :=A;, Y =Y, ¢ :==¢;, § :==J; be
from Theorem 4.1. We assume that j is big enough to guarantee that |Y| < |A|? and § > £2.
Denote

U, = Uy (N, Ny + M)
We note that

~ ~

min k)| > ma k)|.
ke(N,,N,+M,] ‘f( )‘ ke(NV+17NVf1+MV+1] ‘f( )‘
Let v be such that
U,_1 C A C U,.

We will prove that Y C U, ;1. Indeed, if to the contrary U, 1 C Y then
V| > M,y >4M2; [A[ <> M, <2M,
pn=1
which contradicts to |Y| < |A|?. Also, U,y+1 C Y implies
(4.17) § < M, P (log M, 4 0) 7!
and A C U, implies that
(4.18) e > MYP(log M,) "1 (2M,) L.
The relations (4.17) and (4.18) for big v contradict to our assumption that § > 2. Thus

we have Y C U,11. There are two cases: Y C U, or U, C Y. In both cases the proof is
similar. Let us begin with the first one: Y C U,,. In this case

Sy (f) = Sa(f) = M/P(log M,)) ™" (Sy/ (P, ) — Sar(Pus,))
21



where A" :={k—N,, ke A}, Y :={k—N,, k€ Y}. By (4.12) we get

(4.19) 1Sy (f) = Sa(F)llp = o(1)

if § = e'to(), By (4.14)(4.15) we also obtain (4.19) if |Y'| = |A|'T°(). This completes the
proof of 1) from Theorem 4.1 in the first case.

We now proceed to the second case: U, C Y C U,;1. This case reduces to the first one
by rewriting

Sy (f) = Sa(f) = Sy (f) = Su, (f) + Suv, (f) — Salf)-
The proof of Theorem 4.1 is complete.

5. NECESSARY AND SUFFICIENT CONDITIONS IN THE CASE p = o0

If W is any set and f: W — W is any operator then by f; (k € N) we denote the k-fold
iteration of f.

Theorem 5.1. Let o : N — N be strictly increasing. Then the following conditions are
equivalent:

a) for some k € N and for any sufficiently large m € N we have ag(m) > e™;
b) if f € C(T) and

(51) HGoz(m)<f)_Gm(f)Hoo —0 (m—>oo)
then
(5.2) 1f = Gm(f)ll =0 (m— o0).

Proof. 1) a) implies b). Denote v = agx. Then
(5.3) v(m) >e® (m>my).
Let f € C(T) and let (5.1) hold. Then
(5.4) 1Goomy () =GP = 0 (m — o0).
Let us estimate ||V, (f) — G (f)]||co, Where Vi, (f) is the de la Vallée Poussin sum
Vin(f) = Z min (1, MT_W) f(k)etk=.
k|<2m

For m > mg we denote

hy == Gm(f)_vm(f)7 ho = Gv(m)(f)_Gm(f% h3 = Gv(m)(f)7 hy :f_G'y(m)(f)
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It will be convenient for us to use the following notation

Il = IEF ) Hlew = s%p\f(k)\-

We have

(5.5) Cinf  |hs(k)| < ||hsll2(v(m)) "2 < | fll2e" /2,
hs(k)#0

and, hence,

(5.6) hallg, < Il fllae™" /2.

By Theorem 2.1 with K = 2, we get
1h1 + halloo = [|halloo/4 — €™ || hally_-
By (5.6), we obtain

171 + halloo = [|P1loc/4 =0 (1) (m — o0).

Therefore, using (5.4), we have for m — oo

[P1lloo < 4llP1 + halloc + 0 (1) = 4[|f = Vin(f) = h2lloc + 0 (1) = o(1).

We have used above the well known fact that ||f — Vi, (f)|lcc — 0 with m — 0 (see
[14,Chap.3,S.13]). Using it again we complete the proof of the first implication: a) implies
b).

2) b) implies a). We assume that a function o does not satisfy a), and we shall show that
b) does not hold. If « is identical on N, then the statement trivially follows from existence
of a continuous function with divergent greedy approximations. Otherwise there is mg € N
such that a(mg) # myg. Since « is strictly increasing, we have a(mg) > mg and, moreover,
a(m) > m for m > mgy. Let m; = «a;(my) = a(m;_1) for j € N. Then the sequence
{m;} is strictly increasing. Moreover, the sequence {m,;1; —m;} is nondecreasing. By our
supposition, for any k& € N there is m > mg such that axyi(m) < e™. Let mj_; < m <
mj. Then ayi1(m) > mjyy and thus, m;yr < ™. Therefore, there is an unbounded
nondecreasing function 7 : N — N such that for infinitely many j € N we have

(5.10) mj < e™i-m@  7(j) < j.

Define a sequence {A,}. Let A, =1 for n < my and A, = (7(j)) " '(mj41 — m;)~* for
mj <n < mjyi. Clearly {A,} is nonincreasing. Then we have

m; Jj—1 Mit1 Jj—1 Jj—1
o A= D) D) A= D = D> ()t =1
n=mj_rj)+1 i=j—7(j) n=mi+l i=j—7(j) i=j—7(J)
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If, moreover, j satisfies (5.10), then for M = m;_.(;) we get

We now use Theorem 4 from [10] (see Theorem 3 from Introduction): there is a function
f € C(T) such that a,(f) < A, and (5.2) fails. We take m > m; and let m; <m < mj4q.
We have

a(m) mjt2
||Goz(m)(f)_Gm(f)|| < Z an(f) < Z An
n=m-+1 n=m;-+1

=7() T 7@+ )T =0(1) (m— o0).

This completes the proof of the theorem.

Theorem 5.2. Let 3 : (0,+00) — be a nondecreasing function such that

(5.11) limsup f(g)/e < 1.
e—0+

Then the following conditions are equivalent:
a) for some k € N and for any sufficiently large uw > 0 we have Ok (1/u) < e™";
b) if f e C(T), and

(5.12) | Tse)(f) = Te(f)]| . — 0 (e—0)
then
(5.13) 1f=Te(lloo =0 (£—0).

Proof. 1) a) implies b). Denote ¥ = fo5. Then
(5.14) y(1/u) < e (u>ug).
Let f € C(T) satisfy (5.12). Then
(5.15) 1Ty (f) = Te(f)|| (o = 0 (= 0).
For ¢ > g we denote m(c) = [1/¢] and
hi :=T.(f) = Vine), 2 :=Tye)(f) = Te(f),  hs :=Tye)(f); ha:=f =Ty (f)
We have

[{k = (k) # 0} < [{k: Ts(f)(/f);i 0} +dm(e) < ||fII3/e* + 4m(e).



The rest of the proof for the implication a)— b) repeats the proof for the same implication
in Theorem 5.1.

2) b) implies a). We assume that a function 5 does not satisfy a), and we shall show that
b) does not hold. By supposition (5.11), there are numbers # < 1 and £y > 0 such that

Be) <O (0<e<ep).
For j € N denote ¢; = 3;(g9) = B(ej—1). We have
(5.16) gj < Oej_q.
By our assumption, for any k € N there is € < g¢ such that Sx11(g) > e~ 1/, Let €j_1 >
e > ¢;. Then By41(e) < 4% and thus, g5 > e~1/%. Therefore, there is an unbounded
nondecreasing function 7 : N — N such that for infinitely many j € N we have
(5.17) gj > e Ve,
Also, we can assume that the inequality
(5.18) T(j) <

holds for all j. Let

i=1

We set My := 0. Let us estimate M; from above and from below. We have

and, by (5.16),
(5.19) M; <

Also, (5.16) and divergence 7(j) to co as j — oo imply

(5.20) Mj=o(e;") (j— o).

By (5.16), for sufficiently large j we have e; < 72 /4, and, taking into account (5.18) we get

(5.21) > 1

. m; =~ ;

J 28j7'(])
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and also
(5.22) M; >mj > (g5)" Y2

Now define a sequence {A,} as A,, =¢; for M;_ <n < M;. If j — 7(j) is large enough
(observe that this is true if j is large itself and (5.17) holds), then, by (5.21), we have

M; j—1 M; iy 7j—1
(5.23) S A= D) D> A= ) mae
n=M;_,(;)+1 i=j—7(j) n=Mi+1 i=j—7(j)
Jj—1 ) Jj—1 ) 1
> Y etz Y @)=
i=j—7(j) i=j—7(j)

We now assume that (5.17) holds and denote € := ¢;_,(;). Using (5.17), (5.19), and (5.22),

we have
el/e iy
Mj < m, Mj—T(j) > € .

Therefore, if j is large enough (and, thus, ¢ is small), we have

M; < exp ([exp(Mj_T(j))]) )

We now take M equal to one of the numbers

M (), [exp(M; ;)] -

Then by (5.23) we get the inequality

> Ay >1/4

M<n<eM

Similarly to the proof of Theorem 5.1 we now use Theorem 3: there is a function f € C(T)
such that a,(f) < A, and (5.2) fails. We shall take sufficiently small ¢ and estimate
HTﬁ(a)<f) - Tg(f)”oo Let Ej_1>€2>¢€j. We have

(5.24) 1Toe) (/) —T-(Fllle < >, Ifk) < > |f (k)]
B(e)<|f(k)|<e eim<|f(k)|<ej_1
S Z)1 + 227

where

Z31 = Z an(f),
n>Mj,1,
gj+1<an(f)<ej-1
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Yo = Z an(f)'

nSMj—17
gj+1<an(f)<ej-1

We observe that in the case n > M,
G/n(f) S An < €j+1-
Hence,

(5.25) Y= Z an(f) < Z an(f)

Mj,]_<7’L§Mj+17 Mj,1<n§Mj+1
gj+1<an(f)<ej-1

< Y Av=migi+mingn <t() T+ +1) T =0 (j— o0).
M;_1<n<M;j41

Further, by (5.20),

(5.26) Yo < Z gj—1 < Mj_1e51 =0 (j — 00).
nSMj—l

Thus, by (5.24)—(5.26),
(5.27) i Ty (f) = To(f) oo =0,

and (5.12) holds. Moreover, (5.27) clearly implies that

im S |f(k) =0,

6—0
|f(k)|=6

and thus for f convergence of greedy and thresholding approximations are equivalent. But
we know that (5.2) fails. Therefore, (5.13) does not hold either. Theorem 5.2 is proved.
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