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CONVERGENCE OF MULTIGRID ALGORITHMS FOR
INTERIOR PENALTY METHODS

SUSANNE C. BRENNER AND JIE ZHAO

ABSTRACT. V-cycle, F-cycle and W-cycle multigrid algorithms for interior penalty methods
for second order elliptic boundary value problems are studied in this paper. It is shown
that these algorithms converge uniformly with respect to all grid levels if the number of
smoothing steps is sufficiently large, and that the contraction numbers decrease as the
number of smoothing steps increases, at a rate determined by the elliptic regularity of the
problem.

1. INTRODUCTION

Let 2 C R? be a bounded open polygonal domain and f € Ly(f2). For simplicity we
consider the following model variational problem for the Poisson equation with homogeneous
Dirichlet boundary condition: find u € H}(Q) such that

(1.1) /QVu-Vvdx:/vadx Yo € Hy(Q).

Here and throughout the paper we use the standard notation [1, 18, 17] for Ly-based Sobolev

spaces.
Note that there exists a number o € (1/2,1] such that [22, 20, 27]

(1.2) HuHHHa(Q) S CQH¢HH—1+a(Q)

whenever v € Hj () satisfies
(1.3) / Vu-Vodr = ¢(v) Vo € Hy(Q).
0

From here on we use C' (with or without subscript) to denote generic positive constants that
can take different values at different occurrences. We shall refer to a as the index of elliptic
regularity. In particular, the regularity estimate implies that the solution u of (1.1) belongs
to H(Q) and [[u]|s1+e() < Collfllzao.

Let 7, be a (simplicial or quadrilateral) triangulation of € and V}, be a finite dimensional
vector space of piecewise polynomial functions. The interior penalty approach for (1.1) is
based on the observation that, using integration by parts, the solution u of (1.1) can be
shown to satisfy

(1.4) Ap(u,v) = /vadx Vv eV,
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where

(1.5) Aw,v) = 3 /DVw-Vvdx—l—nZ%/[[w]] ] ds

DeTy, ec&y,

(SRt

&n is the set of the edges of 7y, |e| is the length of the edge e and 7 is any positive number.
The averages {-} and jumps [-] in (1.5) are defined as follows.

Let e be an interior edge of 7}, and n, be a unit vector normal to e. Then e is shared by
two elements D, where n, points from D_to D,. We define on e

B ov || 1 [0vy Ov-
[v] = vy —v_ and {{%}} =3 ((9716 + Gne)’

where vy = v|p,. Note that the bilinear form A(-, -) is independent of the choice of n.. For
an edge e C 0f), we take n, to be the outer unit normal vector and define

ov ov
[v] v an {{ o }} o
The interior penalty method [30, 2| for (1.1) is to find u, € V}, such that

(1.6) Ap(up,v) = /va de  VYov eV,

From (1.4) and (1.6) we see that the interior penalty method is consistent. If the penalty
parameter 7 is sufficiently large (which is assumed to be the case from here on), the variational
form Ajy(-, ) is both bounded and coercive [2] with respect to the norm || -|| ,, defined by

B ov 2
W) W= X el + S I + Xl )
More precisely, we have

DeT, ecéy €€y,
(1.8) |AL(CL Q) < CillGllnllGalln V¢, G € HYF(Q) + Vi,
(1.9) Ap(v,v) > CQH/UH}QL Yo eV,

where « is the index of elliptic regularity and C; and C' are positive constants depending
only on n and the shape regularity of 7,. It follows that the solution wu, of the interior
penalty method satisfies the quasi-optimal error estimate

(1.10) lu —up|ln < C inf |Ju— v,
veEVL

from which we can deduce the error estimate [21]

(1.11) |l — unl[n < Ch®|u| g+

It follows from (1.11) and a standard duality argument that we also have
(1.12) lu = up|| mri-a@) < CR**ulmitveq).

The positive constant C' in (1.10)—(1.12) depends only on 7 and the shape regularity of 7.
The variable V-cycle multigrid preconditioner for the interior penalty method (1.6) was
investigated in [21], where it was shown to be an optimal preconditioner and then applied
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to a discontinuous Galerkin method for advection-diffusion problems. The aim of this paper
is to complete the analysis of multigrid algorithms for (1.6), which is an indispensable step
towards the analysis of multigrid algorithms for other discontinuous Galerkin methods [19, 3].

Let vx,m be the norm of the error propagation operator (with respect to the energy norm
defined in terms of the bilinear form A(-,-)) for the k-th level V-cycle, F-cycle or W-cycle
algorithm with m pre-smoothing and m post-smoothing steps. Our main result states that
(1.13) Ve < % for k>1 and m > mg,
where myq is a positive integer independent of k. It follows that the V-cycle, F-cycle or
W-cycle algorithms are contractions if m is sufficiently large and the contraction numbers
decrease at a rate determined by the index of elliptic regularity.

The rest of the paper is organized as follows. We describe the multigrid algorithms in
Section 2. Section 3 is devoted to a discussion of mesh dependent norms, which is one of the
main tools for the convergence analysis. The estimate (1.13) is established for the WW-cycle
algorithm in Section 4. In Section 5 we derive certain two-level estimates that are crucial for
the convergence analysis of the V-cycle algorithm and the F-cycle algorithm in Section 6.
We conclude the paper by presenting the results of some numerical experiments in Section 7.

Finally we remark that the results in this paper can be extended to more general elliptic
boundary value problems [2].

2. MULTIGRID ALGORITHMS

For simplicity we consider a triangulation 77 of {2 consisting of rectangles and use uni-
form subdivision to obtain the triangulations 73, 73, - - -, and define the (discontinuous) finite
element space Vi by

Vk:{UELQ(Q) : ’U’D EQl(D) VDE,];Q},
where Q(D) is the space of bilinear polynomials on D.! It follows that the finite element
spaces are nested, i.e. V} C V5 C ---, and the mesh sizes are related by

1

We assign four interior nodes to each rectangular element corresponding to the nodes
(3,=+3) in the reference biunit square (—1,1) x (—1,1) (cf. Figure 1) and denote by Vj
the set of the interior nodes of the elements in 7. We can then introduce a discrete inner
product

(2.2) (01, 02)k = B > v1(p)va(p).

pEVy

Let Ag(+,-) be the bilinear form on Vj, corresponding to A(-,-) defined in (1.5). The
discrete equation

A (ug, v) = / fvdzx Yo eV
Q
can be written as Ayuy = fi, where Ay : Vi, — Vi, and f; € V} are defined by
(23) (Akvl, UQ)k = Ak(vl, UQ) V’Ul, Vo € Vk,

IThe results in this paper can be extended to simplicial meshes and general convex quadrilateral meshes.
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FIGURE 1. Interior nodes for the (); element on the reference square

and
(fk,v)k:/fvdx Vv e V.
Q
Note that (1.7), (1.8) and scaling imply

1
(2.4) Ai(v,v) S hE 2o %Is(ﬂ) VoeV, 0<s< 3

To avoid the proliferation of constants, from here on we use the notation A < B to represent
the statement that A is bounded by B multiplied by a constant which is independent of
mesh sizes, mesh levels and all the variables in A and B. The notation A =~ B means A S B

and B < A.
Multigrid algorithms are iterative schemes for equations of the form
(2.5) Az =g,

where g € Vi. They are defined in terms of intergrid transfer operators and a smoothing
scheme. Since the finite element spaces are nested, we can take the coarse-to-fine operator

I ,’j_l : Vk_1 — V} to be the natural injection and define the fine-to-coarse operator [ ,’j’l :
Vi — Vi1 by

(2.6) (IF ', w)e_ = (v, IF_w)i Voe Vi,we Vi,
For smoothing we shall use the Richardson relaxation scheme?
(2.7) 2 =21+ A (g — Arzi)

where A, = Ch,;2 is a positive number dominating the spectral radius of Aj.

Below we describe the symmetric V-cycle, F-cycle and W-cycle algorithms [23, 26, 7, 11,

29] for (2.5).
The Symmetric V-cycle Multigrid Algorithm Given g € V, and an initial guess
2o € Vi, the output MGy (k, g, zo, m) of the V-cycle algorithm is an approximate solution of
(2.5) obtained recursively as follows. For k = 1, we take MGy (k, g, 20, m) to be A;'g. For
k > 2, we obtain MGy (k, g, zo, m) in three steps.

1. (Pre-Smoothing) Apply the Richardson scheme (2.7) m times to compute z,,.

2. (Coarse Grid Correction) Compute the residual of z,,, transfer it to the coarse grid,
solve the coarse grid equation using the (k—1)-st level V-cycle algorithm with 0 as the initial
guess, transfer the solution back to the k-th level and make the correction. In other words,
compute 2,11 by

(2.8) Zmal = Zm + I,f_lMGV(k -1, I,’j_l(g — Arzpn),0,m).

20ther smoothers can of course also be used [4, 8, 13].
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3. (Post-Smoothing) Apply the Richardson scheme (2.7) m times to compute zo;,+1.
Finally we set MGy,(k, g, 20, m) = 2om11-

The Symmetric W-cycle Multigrid Algorithm The output MGy (k, g, 29, m) of the
W-cycle algorithm is obtained by replacing (2.8) in the symmetric V-cycle algorithm with

Il = MGy(k — 1,17 (g — Arzm),0,m),
Zmi1 = Zm + I} MGy (k— 1,1 (g — ApZm)s Zp1,M).

=)
2

(2.9)

In other words, the (k — 1)-st level algorithm is used twice in the coarse grid correction step.

The F-cycle Multigrid Algorithm The output MGx(k, g, z9, m) of the F-cycle algo-
rithm is obtained by replacing (2.8) in the symmetric V-cycle algorithm with

Iyl = MGx(k — 1,],’:_1(9 — Akzm),0,m),
Zms1 = 2m + I} MGy (k — l,I,l:_l(g — ApZm); Zgpp1,m).

=
2

(2.10)

In other words, in the coarse grid correction step we apply the (k — 1)-st level F-cycle
algorithm once and then the (k — 1)-st level V-cycle algorithm once.

3. MESH DEPENDENT NORMS

Since the operator Ay defined in (2.3) is symmetric positive-definite with respect to the
discrete inner product (-, -), we can define for each s € R the mesh-dependent norm

(3.1) lolls e =/ (Afv,0)r Vo€ Vi

The spaces (Vi, || - [|,,) form a Hilbert scale [24, 7].
From (2.2), (2.4) and (3.1) we see that

(3.2) ol = (v, 0) = [[v]1Z,0) Vo eV
(3-3) ol = vlla, < Pt lollzae) Vo €W,
where the energy norm || -|| 4, is defined by
(3.4) lvl|a, = v/ Ak(v,v) Vo e V.
It is clear from (1.5) that
(3.5) [l < llvllay, Vo€ Vi,
and (1.7)-(1.9) imply the stability estimate
(3.6) i yvlla, S lvla, Yo € Vi,
The following estimates for mesh-dependent norms are standard [5, 17]:
(3.7) Ioll i S P llvll VveVlyand 0<t<s<2
(3.8) lollysr = sup Axlv, ) Vv eV, and s € R.

weVi\{0} ‘”wmlfs,k

The convergence analysis of multigrid methods rely on the smoothing property that mea-
sures the effect of smoothing and the approzimation property that measures the effect of
coarse grid correction. Both of these properties are described in terms of the mesh-dependent
norms. The derivation of the approximation property involves the elliptic regularity estimate
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(1.2) and therefore we need to relate the mesh-dependent norms and the Sobolev norms. To
this end we first introduce a conforming finite element space

Vi = {ve Hy(Q): v|]p € Qu(D) VD €T}

The continuous Q4 tensor product element is a relative of the discontinuous () element (cf.
Figure 2) in the sense that the shape functions of the ¢); element are shape functions of the
@4 element and the nodal variables (degree of freedoms) of the @); element are also nodal
variables of the (), element.

FIGURE 2. Discontinuous Q; element and continuous Q4 element

We can connect Vj, to Vk by a linear map Fj : Vi, — Vk constructed by averaging. Let
p € Q be a node for the Q4 element and 7, = {D € 7; : p € D}. Then we define, for v € Vj,

> olp)

(3.9) (Bw)(p
’ p’ DEeT,,

where |7,| = 1,2 or 4 is the number of subdomains in 7, and vp = v|p. Note that

(3.10) (Ex)(p) = v(p)  when [T[=1.

Since Exv and v belong to Q4(D) for each D € 7y, the following discrete estimate can be
established in a straight-forward manner (cf. [14, 16] for similar calculations):
(311 1B~ ol S8 Y 1 IR S heAivr) Yo eV,
e€ly,

where & is the set of the edges of 7. In view of (3.10), Ej is a right inverse of the nodal
interpolation operator Il for the discontinuous finite element space Vi, i.e.,

(3.12) Ny By = Idy,

where Idj, is the identity operator on V.
We have the following standard interpolation error estimate [18, 17]

(313) HU — HkUHLQ(D (dlam D)"U‘Hl Yo e ‘N/k, D e 77{,

which implies by a standard inverse estimate [18, 17]

(3.14) L0 o) S [10]|22()  and Z ‘Hk@ﬁ{l(p) S |7~}|§{1(Q) Vv e V.
DeT;

Furthermore, it follows from (1.7), (3.13), (3.14) and scaling that

(3.15) |l < 10l + D lel I — )13,

e€ly,
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S (6B + S (diam D) 25 — 32,0 S [y V3 € Vi
DeTy,
Similarly we have

(3.16) e Ty S NBllo@  and ([T aT00]n, S 8y VO € Vi
Let Q) : Ly(92) — Vi be the Ly(€)-orthogonal projection operator. It is known [10] that

(3.17) 1QkCllz0) S Cla@ V¢ € La(9),
(3.18) |QxClr@) S ¢l @) V(¢ € Hy(Q).
Finally we introduce the operator Jy, : H}(€2) — V} defined by
(3.19) Jp =11, 0 Qy..

Lemma 3.1. [t holds that

(3.20) IExollms@ =~ vl Vv eV

for s €[0,1] and s # 1/2.
Proof. 1t follows from (1.7), (1.9), (3.3), (3.11) and a standard inverse estimate that
1Ekvll @) S Nollos and  [|Bkvll@) S oll, Vo€ Vi,

which imply, by the operator interpolation theory of Sobolev spaces and Hilbert scales [28,
24, 7],

(321) |Ectllie S ol Vo€V 0<s<1.
On the other hand, combining (1.8), (3.14)—(3.18), we find
I 7kCllo. = MkQiCllLa@) S NQKC Lo S IClla@) V€ La(€),

I7:CH 5, = ITk@iClla, S 1QkClar@) S IClaey V¢ € Hp(),
which imply, by the operator interpolation theory of Sobolev spaces and Hilbert scales,

1
(322 1y S ISy V¢ € HED), 05 <1, s 2,

Finally, since Eyv € 0y for v € Vj, it follows from (3.12) and (3.19) that
(323) JkEk?) = HkaEkU = HkEkU = Vv e Vk
Therefore we conclude from (3.22) and (3.23) that

ol x = IJxErvlls p < Nl Exv]

1
Hs(Q VUEVk,OSSSLS#i.
U

Remark 3.2. The estimate is also valid for s = 1/2 if the H'/2(f2) norm is replaced by the
H'Y2(Q) (HY(Q)) norm [25, 28].
Lemma 3.3. It holds that

1
Hs(Q) ~ mv‘”s,k Vo e Vk: 0 S s < —.

(3.24) 0] 5
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Proof. Let v € Vi, be arbitrary. Then v € H*(Q) for 0 < s < 1/2. From (3.3), (3.7), (3.11),
(3.20) and an inverse estimate [6] we have

[v][#:(0) < [lv = Exvllms@) + | Exvllms@)
S Ml = Exvlla) + 1Esvll @) S B B0l + Bollox S ol
Similarly, from (2.4), (3.4), (3.11), (3.20) and an inverse estimate, we have

ol < 11 £kl

(@) < [l = Evlla@ + [vllae@) S b lvllac + 1ollas@) < lollas@-

4

4. CONVERGENCE ANALYSIS FOR THE W-CYCLE ALGORITHM

We only need to establish the smoothing property and approximation property.
Let Ry : V), — V}. be defined by

(4.1) Ry = Idy — AJ' Ay,

i.e., Ry is the error propagation operator for one step of the Richardson relation scheme
(2.7). The proof of the following lemma on the smoothing property, which involves only
calculus, can be found in [5, 23, 17].

Lemma 4.1. It holds that
(4.2) IR vl S B m 2ol Yoe Vi, 0<t<s<2,

s,k ~

Let P,f’l : Vi — Vi1 be defined by

(4.3) A (P, w) = Ag(v, IF_jw) = Ag(v, w) Voe Vi, we V.
Lemma 4.2. It holds that
(4.4 (e — T PE Yol oy S WMoy Vo€ Vi

where a € (1/2,1] is the index of elliptic reqularity.
Proof. Let v € Vi be arbitrary. By Lemma 3.3 and a standard duality formula we have

@5) W= AP Yol ~ I (Td— T PE ol ey
¢((Idy — I\ PE™Y)v)
= sup
serr—ita@ngy  [@laire)
Let ¢ € H~'T*(Q) be arbitrary and define ¢ € H} (), (. € Vi, and (1 € Vi1 by
(4.6) / V(- Vvdr = ¢(v) Vo € Hy(Q),
Q
(4.7) Ap (G, v) = o(v) Vo e Vg,
(48) Ak_l(Ck_l,v) = ¢(U) VoeVi.

In other words, (, and (,_; are the approximations of { obtained by the interior penalty
method. In view of (1.2), (1.12) and (2.1), we have

(4.9) 1€ = Cell @) S Mol a-1+e (),
(4.10) 1€ = Geallan—e) S B¢l a-1+aqq)-
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Observe that (4.7) and (4.8) yield
Ap-1(Ge1,v) = Ar(Cr,v) Vv € Vi,
which implies
(4.11) Co1 = By
Combing (3.8), (3.24), (4.3), (4.7), and (4.9)—(4.11) we find
O((Idy, — Iy PE ) = Ag(G,v) — Ar(Cr, Iy PEM0)
= Aw(Ce,v) — A1 (P "¢ P M0)
= A(CGe0) = Ap-1(Ger, PE10)
(4.12) = A (G — k 1Ck—1, )
< Gk = Geall—a 1ol 4o
S G = G-illm-a@llvll o
< (I6k = Clla-a@) + 1€ = G-t llmr-a @)1Vl 1
< Wl a-ra@ ol o

The lemma follows from (4.5) and (4.12). O

In view of the inverse estimate (3.7) and (4.4), the following corollary is immediate.
Corollary 4.3. It holds that
(4.13) I(Id, — Iy Pe~")v
(4.14) I(Zdy — Iy P ")w

SHEllyy YU E Vi
SHElly,  Yoevi

vl S

|”1 ak

With Lemma 4.1 (the smoothing property), Lemma 4.2 (the approximation property) and
the stability estimate (3.6) in hand, the convergence of W-cycle algorithm can be established
by a standard argument [5, 23, 17].

Theorem 4.4. There exists a positive constant C' and a positive integer myg, both independent
of k, such that for all m > mqg and initial guess zy € Vi,

HZ - MGW(/{,g, ZOam)HAk < Cm_aHZ - ZOHAk7
where z is the exact solution of (2.5).
Remark 4.5. It follows from Lemma 4.2 and the Bramble-Pasciak-Xu theory [9] for variable
V-cycle algorithm that the variable V-cycle preconditioner is an optimal preconditioner [21].
5. TWO-LEVEL ESTIMATES

In this section we derive certain two-level estimates that are needed for the analysis of the
V-cycle algorithm and the F'-cycle algorithm in Section 6. We use C' to denote a generic mesh-
independent positive constant, and for convenience, we state here an elementary inequality:

(5.1) (a+0)?<(14+6)a®>+ (1+02) Va,beR, 0c(0,1).
Lemma 5.1. There exists a positive constant C' such that

2 2 — o 2
(5.2) 175 1l < (140 vllg oy + COR VL Yo € Vi, k> 2.
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Proof. Let v € Vi_jand 6 € (0, 1) be arbitrary. From (2.2) and (3.2) we have
2
(53) ol =2 S ()
PEVE

Let Q be a rectangle in 7., p1, p2, p3, p4 € @ be the nodes from Vy, and p € ) be the node
from Vy_; (cf. Figure 3).

p3. _p4
L] p L]
pl. 'pQ

FIGURE 3. A rectangle in 7;_; subdivided into four rectangles in 7

It follows from (2.1), (5.1), the Mean-Value Theorem and an inverse estimate that

hp Y w(p;)’ = hiz [v(p) + (v(p;) — v(p))?
(5.4) <hp Y [(L46%)w(p)® + CO7 (v(py) — v(p))]

S hifl(l + 92)1)(]9)2 + 00_2h%|v|§{1((g)
Summing up (5.4) over all Q € 7}, yields, through (1.7), (1.9), (3.3), (3.4), (3.7) and (5.3),

2 2 _
It olly, < (140 wllo oy + CORE D [oling)
QEeTy

=(1+ 02)|||U|”(2),k:—1 + 09_2% Z |U|12L11(Q)

Q€eTy 1
2 _ 2
< 1+ )lollg iy + CO2REIT
2 —27 20 2
< (L4 ) lvllgpy + CORE VI 4

The following lemma can be derived by similar arguments.
Lemma 5.2. There exists a positive constant C' such that

(5.5) IT-1vllg ey < (L 6)lvllg, + CORE ol Vo € Vi, k22,
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Before deriving the next set of two-level estimates, we first consider the error estimate for
a modified interior penalty method. Let ¢ € H~'T*(Q) and define u}, € V}, by
(5.6) Ap(u),v) = ¢(Epv) Vo e Vg,

where Ej, : Vj, — V}, is the connection operator defined in (3.9).

Lemma 5.3. Let u € H}(Q) be the solution of (1.3) and uj, € Vi be defined by (5.6). We
have the following error estimate:

(5.7) lu = ulln, < hillollm-reee),

where || -|| n, is defined in (1.7) and o is the index of elliptic reqularity.

Proof. Observe that, by (3.3), (3.11), and an inverse estimate [6],

68w Bl S B0 - Bl S Blol, Vo€ Ve
Let v € Vj be arbitrary. From (1.3), (1.8), (1.9), (3.3), (5.6) and (5.8) we have

lw = willne < llu = ol + llv = willn,

A (v — )
< lu—vlp, + max —k(v U, W)
weVi\{o}  [Jwl|n,

A (u — )
< lu—vlp, + max —k(u U, W)
wevi o} [Jwl[n,

- FE
weVi\{0} ||thk

S lu = vl + Bl ol a-14e ),
which implies
(59) o= vy S 0F o= il + B0l
The error estimate (5.7) follows from (1.2), (5.9) and the estimate [21]

inf ol S Wl ey

Next we consider the operator J; : Vi, — H}(Q) defined by
(5.10) |90V = Aen0) e e HY@),
Q

where Jj is defined in (3.19).
Lemma 5.4. The following properties hold for Jj;

(5.11) ||J;£U||H1+a(g) ,S |”U|”1+a,k Yo & Vk,
(5.12) v = Jgvlln, S hillvlliar Vo€ Vi

Proof. Let v € Vj be arbitrary. Observe that (3.8) and (3.22) imply

(5.13) Ak, kO < Molly o il k€l - S W0l sa i ICl-0@) ¥V C € Hy ().
Let ¢ be the linear functional defined by

(5.14) ¢(¢) = A(v, i) V¢ € Hy(Q).
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In view of (5.13), we have ¢ € H '7*(Q) and
(5.15) Pl -r+ai@) S 0l o

Furthermore, we can rewrite (5.10) as

(5.16) [V ve=00  veemw.

It then follows from (1.2) that J;¢ € H'™*(Q) and (5.11) is valid.
From (3.23) and (5.14), we have

(5.17) Ai(v,w) = Ag(v, JyErw) = ¢(Epw) Vo e V.

The estimate (5.12) now follows from Lemma 5.3 and (5.15)—(5.17). O
We are now ready to derive another set of two-level estimates.

Lemma 5.5. There exists a positive constant C' such that

(5.18) I ol < Mol s+ CR Il sy Vo E VR k=2

Proof. Let v € Vi,_; be arbitrary. From (1.5) and (3.3) we see that

2
(5.19) I7i-1vly = Ar(v,v) = A (v,0) Z el oDz,
€€£k
2 1 —11 * 2
= ol s+ 3 el Sl = el
e€&y

Moreover, we have, from (1.7),

1 * *
(5.20) D el Sl = ol < v = Tl < v = il -
e€&y
The estimate (5.18) follows from (2.1), Lemma 5.4, (5.19) and (5.20). O

Lemma 5.6. There exists a positive constant C' such that
(5.21)  ierollf oy < L+ P)olli e+ CO 2R ol Vv € VR, 0€(0,1), k>2.
Proof. First we observe that, from (3.12), (3.16) and Lemma 3.1,
(5.22) IMe—rvlly ooy = eIl Biolly ooy S 1Bvlme) S llollyy, Vo € Vi
Let v € Vj and 6 € (0, 1) be arbitrary. It follows from (3.5), (4.13), (5.1) and (5.22) that
2
L+ )P0l oy + CO (v = P0G,
L+ 0B ol + 72l — PE 0y,
L+ 62 [ll}  + CO 2l = PEoll;,
Lt 022 olly . + COh ol e
which implies (5.21) because 0 € (0, 1) is arbitrary. O

2
‘”kalvml,k 1 <
<

(
(
< (
< (
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6. CONVERGENCE ANALYSIS FOR THE V-CYCLE ALGORITHM
AND THE F-CYCLE ALGORITHM

According to the additive multigrid theory developed in [12, 15, 31, 32|, the convergence
of V-cycle and F-cycle multigrid algorithms can be established using (4.2), (4.4), (5.18) and
the following two estimates:

(6.1) IEE ol op < 4oy + CORIIE .y Yo € Vi,
(62)  NPE 0 oy S L+l p + Co0 R0 0N, Vv €V,

where « is the index of elliptic regularity, 8 € (0,1) is arbitrary and the constants C; and
C5 are independent of 6 and k.

Lemma 6.1. The estimate (6.1) holds.

Proof. Let Cy be a number dominating the constants in (5.2) and (5.18). For 6 € (0,1), we
define the inner product

(6.3)  (v1,v2)4_19 = (14 6%) (v, v2)k1 + CLOTRE (AR o1, 02)k1 Vg, v € Vi,

Note that Aj_; is symmetric positive-definite with respect to the inner product (-, -) k—16°
and it follows from (3.1), (5.2), (5.18) and (6.3) that

17 olly, < (AY v, 0), WU € Via,
B0l < (Ahyv,v), Vo € Vi,
Therefore, we have, by (3.1) and interpolation between Hilbert scales,
Mol < (AES00), = (L Ol ey + GO0, Vv € Vi,
O
Similarly, we obtain from (5.5) and (5.21) the following lemma.
Lemma 6.2. There exists a positive constant Cs such that
(6.4) MLl poy < L+ P)olli_ap + CsO2M0 0l Vv eV, 0€(0,1), k=2
Lemma 6.3. The estimate (6.2) holds.
Proof. First we observe that, by (3.2), (3.12), (3.16) and (3.20),

(6.5) M —vllg ey S 1T Tk Brvl| o) S BRI L2@) S Nollos Vv € Vi
It then follows from (5.22), (6.5) and interpolation between Hilbert scales that
(6.6) Il gy SHobas Vo€ Vi

Let v € Vi, and 0 € (0,1) be arbitrary. Combining (4.14), (5.1), (6.4), (6.6), we find
1P ol ey < (U P)ITertll} gy + OO s (P = o)y
<+ PR+ OO (RNl + 1P ol )
< (L4 lolli_q i + CO 2R N0l
which implies (6.2) because 6 € (0,1) is arbitrary. O
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The theorems below on the convergence of the V-cycle and F-cycle multigrid algorithms
now follow from the additive multigrid theory.

Theorem 6.4. There exists a positive constant C' and a positive integer myg, both independent
of k, such that for all m > mqg and zg € Vj,

HZ - MGV(kvgv 20; m)HAk < C’m_aHz - ZOHAk7
where z is the exact solution of (2.5).

Theorem 6.5. There exists a positive constant C' and a positive integer myg, both independent
of k, such that for all m > mqy and zy € Vi,

HZ - MG}‘(k,g,Zo,m)HAk < Cm_aHz - ZOHAk7

where z is the exact solution of (2.5).

7. NUMERICAL EXPERIMENTS

In this section we present some numerical results for multigrid algorithms for the interior
penalty method based on the discontinuous (); element. The penalty parameter 7 is taken
to be 2 in all of the experiments.

In the first set of experiments we apply the multigrid algorithms to the model problem on
the unit square, where the first triangulation 7; has four elements. The contraction numbers
for the V-cycle, F-cycle and W-cycle algorithms are recorded in Tables 1-3.

Convergence for the V-cycle, F-cycle and W-cycle algorithms is observed for m = 8, m = 6,
and m = 3 respectively. We also observe that the performance of the F-cycle algorithm and
the W-cycle algorithm are almost identical for m > 8.

In the second set of experiments we apply the multigrid algorithms to the model problem on
the L-shaped domain with vertices (0,0), (1,0), (1,1/2), (1/2,1/2), (1/2,1) and (0, 1), where
the first triangulation 77 has three elements. The contraction numbers of the algorithms are
reported in Tables 4-6. They exhibit similar behaviors as those for the unit square.

Ymko | M=8 | Mm=9 | m=10 | m=11 | m=12 | m=13 | m=14
k=2 |0.14 | 0.11 | 0.09 | 0.07 | 0.05 | 0.04 | 0.03
k=3 1032|025 | 020 | 0.16 | 0.13 | 0.10 | 0.09
k=4 |1 051039 | 030 | 0.25 | 0.20 | 0.16 | 0.13
k=5 1] 0.67 | 0.50 | 0.39 | 0.31 | 0.25 | 0.20 | 0.16
k=6 | 0.78 | 0.58 | 0.44 | 0.35 | 0.27 | 0.22 | 0.18
k=7 1086 | 0.63 | 047 | 0.36 | 0.29 | 0.22 | 0.18
k=8 | 093 | 0.66 | 0.49 | 0.37 | 0.29 | 0.23 | 0.18

TABLE 1. V-cycle contraction numbers for the unit square
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m=>6 | m=7 | m=8 | m=9 | m=10 | m=11 | m=12

VYm, k., f
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TABLE 3. W-cycle contraction numbers for the unit square

Ymko | M=8 | Mm=9 | m=10 | m=11 | m=12 | m=13 | m=14
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