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SOME INEQUALITIES FOR THE TENSOR PRODUCT
OF GREEDY BASES AND WEIGHT-GREEDY BASES

G. KERKYACHARIAN, D. P1cARD, AND V.N.TEMLYAKOV

ABSTRACT. In this paper we study properties of bases that are important in nonlin-
ear m-term approximation with regard to these bases. It is known that the univariate
Haar basis is a greedy basis for L,(]0,1)), 1 < p < co. This means that a greedy
type algorithm realizes nearly best m-term approximation for any individual func-
tion. It is also known that the multivariate Haar basis that is a tensor product of the
univariate Haar bases is not a greedy basis. This means that in this case a greedy
algorithm provides a m-term approximation that may be equal to the best m-term
approximation multiplied by a growing (with m) to infinity factor. There are known
results that describe the behavior of this extra factor for the Haar basis. In this paper
we extend these results to the case of a basis that is a tensor product of the univariate
greedy bases for L,([0,1)), 1 < p < oo. Also, we discuss weight-greedy bases and
prove a criterion for weight-greedy bases similar to the one for greedy bases.

1. INTRODUCTION

In this paper we study properties of bases that are important in nonlinear m-term
approximation with regard to these bases. We begin with a brief historical survey
that provides a motivation for our investigation. Also, this research is motivated
by applications in nonparametric statistics. We plan to report the corresponding
applications in statistics in our next paper. We remind the definition of the uni-
variate Haar basis. Denote H := {Hj}32, the Haar basis on [0, 1) normalized in
Ly(]0,1)): HH=1on [0,1) and for k=2"+1,n=0,1,...,1=1,2,...,2"

on/2.  xe(2l—2)27" (20— 1)2 1)
Hy(z) =4 —2%2 x| —1)2 "1 2127 1)
0, otherwise.
We denote by H,, := {H 3>, the Haar basis H renormalized in L,([0,1)).

The following important property of the Haar basis (the Haar basis is a demo-
cratic basis) has been established in [T1]: for any A, |A| = m, one has

(1.1) Cr(pym"/? < || Hipllp < Ca(pym'/?, 1< p < o
keA

Our main interest in this paper is to study the multivariate bases. There are two
standard ways to build a multivariate Haar basis. One way is based on the idea of



multiresolution analysis. In this way we obtain a multivariate Haar basis consisting
of functions whose supports are dyadic cubes. The theory of greedy approximation
in this case is parallel to the univariate case (see [T1], [CDH]). In this paper we use
the tensor product of the univariate bases as a way of building a multivariate basis.

We define the multivariate Haar basis Hg as the tensor product of the uni-
variate Haar bases: HI := H, X -+ X Hp; Hnp(2) = Hp, p(21) - Hpy p(24),
r=(x1,...,24), n = (n1,...,nq). Supports of functions Hy, , are arbitrary dyadic
parallelepipeds (intervals). It is known (see [T3]) that the tensor product struc-
ture of the multivariate wavelet bases makes them universal for approximation of
anisotropic smoothness classes with different anisotropy. It is also known that the
study of such bases is more difficult than the study of the univariate bases. In many
cases we need to develop new technique and in some cases we encounter with new
phenomena. For instance, it turned out that the property (1.1) does not hold for
the multivariate Haar basis HZ for p # 2 (see [T4] for a detailed discussion). It is
known from [T2], [W], and [KaT] that the function

p(m, Hg) = sup( sup || Z Hupllp/ A'|ierl\f—k I Z Hi pllp)
Y neA

k<m A:|Al=k =X

plays a very important role in estimates of the m-term greedy approximation in
terms of the best m-term approximation. For instance (see [T2]),

(1.2) 1f = G (f, Hp)lp < Clp, dulm, Hy)owm (f, Hy)p, 1< p < oo

The greedy approximant GLy (f, Hg ) and the best m-term approximation o, (f, Hg )p
are defined below. The following theorem gives, in particular, the upper estimates
for the p(m, H2).

Theorem A. Let 1 <p < oco. Then for any A, |A| = m, we have for 2 < p < o

C; P min |en| < || Z cnHnpllp < C’z P (logm)MP D) max | ey,
’ ncA vy ’ neA

and for 1 <p <2

3 1) —h(p,d)
Cp qm P (logm) " 1;1116111\1|cn| <l ;Can,p
n

4 1/
lp < Cpam™/P max|cy|

where h(p,d) := (d—1)[1/2 —1/p|.

Theorem A for d = 1, 1 < p < oo has been proved in [T1], in the case d = 2,
4/3 < p < 4 it has been proved in [T2]. Theorem A in the general case has been
proved in [W]. It is known ([T4]) that the extra log factors in Theorem A are sharp.

In Section 2 we generalize Theorem A to the case of basis that is the tensor
product of greedy bases. We now give the corresponding definitions and introduce

notations. We will do this in a general setting.
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Let X be an infinite dimensional separable Banach space with a norm |[|-|| := |||/ x
and let ¥ := {1,,}22; be a normalized basis for X (||¢,|| =1, n € N). For a given
f € X we define the best m-term approximation with regard to ¥ as follows

om(f; ) = om(f, ¥)x = inf |[f — > bkl x,
keA

where inf is taken over coefficients by, and sets of indices A with cardinality |A| =
There is a natural algorithm of constructing an m-term approximant. For a given
element f € X we consider the expansion

= Z Ck(f7 \I})wk
k=1

We call a permutation p, p(j) = kj, j = 1,2, ..., of the positive integers decreasing
and write p € D(f) if

[y (s W) = [, (f; W) = -

In the case of strict inequalities here D(f) consists of only one permutation. We
define the mth greedy approximant of f with regard to the basis ¥ corresponding
to a permutation p € D(f) by the formula

Gm(fa\I}):Gi<f7\I])_ f,\I/,O ch f7

It is a simple algorithm which describes a theoretical scheme (it is not computation-
ally ready) for m-term approximation of an element f. This algorithm is known in
the theory of nonlinear approximation under the name Greedy Algorithm (see for
instance [T1], [T2], [W]) and under the more specific name Thresholding Greedy
Algorithm (TGA) (see [T4], [DKKT]). We will use the latter name in this paper.
The best we can achieve with the algorithm G,, is

[f = Gm(f, ¥, p)l[x = om(f,¥)x
or a little weaker

If = Gu(f, ¥, p)l[x < Gom(f, ¥)x
for all elements f € X with a constant G = C'(X, ¥) independent of f and m. The
following concept of greedy basis has been introduced in [KT].

Definition 1. We call a normalized basis U greedy basis if for every f € X there
exists a permutation p € D(f) such that

holds with a constant independent of f, m

The first result in this direction (see [T1]) established that the univariate Haar
basis is a greedy basis.
Let ¥ be a normalized basis for L,([0,1)). For the space L,([0,1)?) we define
U o= U x .- x U (d times); ¥n(x) = ¥, (x1) - Vn,(xa), = = (T1,...,74),
= (n1,...,n4). In Section 2 we prove the following theorem using the scheme of
the prove similar to that from [W].
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Theorem 1. Let 1 < p < oo and let ¥ be a greedy basis for L,([0,1)). Then for
any A, |A| = m, we have for 2 <p < oo

5 1 : 6 ml/ h(p,d)
Cpam/? minfen| < | > enthnllp < Cpgm /P (logm)" ) ma |eal,

neA

El

and for 1 <p <2

71 —h(p,d) .. 8 1
Cpam' ' (logm) ™" min [ea| < | Y enténllp < Cp gm"/7 max e

neA
where h(p,d) := (d—1)[1/2 —1/p|.
The inequality (1.2) has been extended in [W] to a normalized unconditional

basis ¥ for X instead of H¢ for L,([0,1)%). Therefore, as a corollary of Theorem 1
we obtain the following inequality for a greedy basis ¥ (for L,([0,1)))

(1.3)  |If = GLe(f, 9], < C(T,d, p)(logm)" P D, (f, ), 1<p< oo

In Section 3 we prove a generalization of Theorem A to the case of Hy , instead
of Hy, . It will be convenient for us to enumerate the Haar system by the dyadic
intervals. We set hjg 1] := Hi,c0; hju—1)2-n,12-7) = Hangpoo, [ = 1,...,2", n =
0, 1,. ey h[(fl)) = h[l(flll) .. .h[d(flld), = Il X+ X Id.

An interesting generalization of m-term approximation was considered in [CDH].
Let U = {41} be a basis indexed by dyadic intervals. Take an « and assign to
each index set A the following measure

Do (A) =D |1]"

IeA

In the case a = 0 we get ®o(A) = |A|. An analog of best m-term approximation is
the following

inf inf |If = el

A:® o (A)<m er,JEA
(A)<mer,Ie Ten

A detailed study of this type of approximation (restricted approximation) can be
found in [CDH]. The following theorem proved in Section 3 provides the inequalities
useful in the study of restricted approximation with regard to the Hg.

Theorem 2. Let 1 < p < co. Then for any a > 0 and any A, |A| = m we have
for2 <p< oo

(L4) D kel < DI h|lf < (logm) /21PN " 1| =ap ||,
IeA IeA IeA

and for 1 <p <2

(1.5)  (logm)M/2=PPE@=D N 1= |12 < || IR |l <> (1™ R|[B-
IeA IeA IeA
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Here, the sign < means that we have the corresponding inequality with an extra
factor that does not depend on m and A. We note that Theorem 2 in the case
a = 1/p coincides with Theorem A. Theorem 2 in the case d = 1 has been proved
in [CDH].

In Section 4 we elaborate on the idea of assigning to each basis element 1,
a positive weight w,,. We discuss weight-greedy bases and prove a criterion for
weight-greedy bases similar to the one for greedy bases (see [KT] and also Theorem
2.1 from Section 2 of this paper).

2. PrROOF OF THEOREM 1

The proof goes by induction. We first prove some inequalities in the univariate
case. We need some known results. We begin with definitions of unconditional and
democratic bases.

Definition 2.1. A basis ¥ = {91 }72, of a Banach space X is said to be uncon-
ditional if for every choice of signs 6 = {0}, 6 =1 or =1, k = 1,2,...,
the linear operator My defined by Mo(d>_p— | arthp) = Y pey akfx¥y is a bounded
operator from X into X.

Definition 2.2. We say that a basis ¥ = {95}, is a democratic basis for X if
there exists a constant D := D(X, W) such that for any two finite sets of indices P
and Q with the same cardinality |P| = |Q| we have || 3, cp il < DI D peq vrll-

The following theorem has been proved in [KT].

Theorem 2.1. A normalized basis is greedy if and only if it is unconditional and
democratic.

This theorem gives a characterization of greedy bases. Further investigations
([T2], [CDH], [DKKT], [KerP], [GN], [T4], [KaT]) showed that the concept of greedy
bases is very useful in direct and inverse theorems of nonlinear approximation and
also in applications in statistics. It has been noticed in [DKKT] that the proof of
Theorem 2.1 from [KT] works also for a basis that is not assumed to be normalized
(they assumed instead inf,, ||, || > 0).

There is a result in functional analysis [KP], [LT] that says that for any un-
conditional basis B = (by) of L,([0,1)9), normalized so that ||b|, = 1, there is a
subsequence kj;, j = 1,2,..., such that (by,) satisfies

o0 0o
|| Z akjbkj ||£ = Z |akj |p.
j=1 j=1

It follows that for any democratic and unconditional basis B for L,([0,1)%), we

have
1> bellp = (JADYP
keA
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with the constants of equivalency depending at most on B and p. For an uncondi-
tional, democratic basis B in L,,, then the above results combine to show that

(2.1) Crmin fax| (|AD'7 < | keZAakbkllp < Comax|ag| (JA)"?

for any finite set A with Cy,Cy > 0 independent of A and {ar}. This proves
Theorem 1 ford =1, 1 < p < o0.
We will often use the following known lemma (see [LT,p.73]).

Lemma 2.1. For any finite collection {fs} of functions in L,, 1 < p < oo, we
have

(2.2) QAP < INQ L2 < O sl /P

with p; := max(2,p) and p, := min(2, p).

We note that by Theorem 2.1 a greedy basis ¥ is unconditional. It is known
that the tensor product of unconditional bases for L,([0,1)), 1 < p < oo, is an
unconditional basis for L, ([0, 1)?). Therefore for any 1 < p < oo and any {a,} we
have

(2:3) Cip, DN lantn)2llp < 1D antally < Calp, I lantnl*) /2[5,

and also for any set of disjoint A; we have

(2.4) Cs. N1 D antal®)2llp < 11D D antully

7 nGAj 7 nEAj
< Calp, DN antonl) |y
7 IlEAj

Lemma 2.2. Let 2 < p < oo and let ¥ be a greedy basis for L,([0,1)). Then for
any finite A, |A| = m, and any coefficients {ay} we have

D la)Y? <11 el < (logm)' /2Py JaxlP)M/7.

keA keA keA

Proof. The lower estimate follows from (2.3) and Lemma 2.1. We now prove the
upper estimate. Let

lak,| > |ak,| > ..., kjeA, j=1,2,....,m.
For notational convenience we set ay; = 0 for j > m. Denoting

25t1_1q

(2.5) Js = Z akj"vbkj
J=2°
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we get for n such that 2" < m < 27+t!

(2.6) =) ae =) fe

keA s=0

By (2.4) and Lemma 2.1 we obtain

11l < (3122
s=0

Next, by (2.1)
28/P,

[ fsllp < lak,s
Thus .
1fllp < O lar,. [727/7)1/2.
s=0

By Holder’s inequality with parameter p/2 we continue

n

< (Z |, |p28)1/p(z 1)(1—2/10)/2 < (logm)l/Q_l/p(Z |CLk|p)1/p.
s=0

s=0 keA

Lemma 2.3. Let 1 < p < 2 and let U be a greedy basis for L,(]0,1)). Then for
any finite A, |A| = m, and any coefficients {ar} we have

(logm)' 2712 (Y  ar )P < | Y artiully < (D laxl”)V/?.

keA keA keA

Proof. The upper estimate follows from (2.3) and Lemma 2.1. We proceed to the
lower estimate. Using the notations (2.5) and (2.6), by (2.4), (2.2), and (2.1) we

obtain
n

11l > QIFIDYZ > (O lak,... 172%/7)1 2.

s=0 s=0

Next, by Holder’s inequality with parameter 2/p we get

n n

o S
s=0 s=0

Therefore,
1 £llp > (Z |ak2s+1 |p28>1/pn1/2—1/p > (10gm)1/2_1/p(z |ak|p)1/p'

s=0 keA
7



Proof of Theorem 1. We obtain the lower estimate for 2 < p < oo and the upper
estimate for 1 < p < 2 from (2.3) and Lemma 2.1. It remains to prove Theorem 1
in the following cases: 2 < p < oo, the upper estimate and 1 < p < 2, the lower
estimate. We mentioned above that the assumption that the W is a greedy basis for
L,([0,1)) implies that the ¥? is an unconditional basis for L,([0,1)?). Therefore,
it is sufficient to prove Theorem 1 in the particular case of ¢, =1, n € A. We first
prove the upper estimate in the case 2 < p < oco. Let

Ag = {nd cdke A with kg = nd},

A(nd) = {(]{71,. . -,kd—l) : (]{:1, . ..,kd_l,nd) c A}

Then we have by Lemma 2.2

IS e S @)t ()

ng€ANg (n1,--,ng—1)€EA(nq)

< (logm)/21/Pp % 7| > Uny (1) -+ Yy (Ta-1)) |15

ng€ha (ni1,...,ng—1)EA(nq)

We continue by the induction assumption

< (1Ogm)(1/2—1/p)17< Z ‘A(nd)|<logm)(1/2—1/p)p(d—2))

ndEAd

= m(log m>(1/2_1/p)(d_1)p.

We proceed to the lower estimate in the case 1 < p < 2. By Lemma 2.3 we get

1D dualza) > Py (1) - Py (Ta-1)) I}

ng€Ag (n1,e0na—1)EA(ng)

> (logm)/21/mn % | > Uny (1) -+ gy (Ta-1)) 13-

ng€Aa  (ni1,...,ng—1)EA(ng)

We continue by the induction assumption

> (logm)(1/2—1/p)p( Z ‘A(nd)|<1Ogm)(1/2—l/p)p(d—2))

ndEAd

8



3. PROOF OF THEOREM 2

The lower estimate in the case 2 < p < oo and the upper estimate in the case
1 < p <2 follow from (2.3) and Lemma 2.1. We first note that the lower estimate
in the case 1 < p < 2 follows from the upper estimate in the case 2 < p < oo by the
duality argument. Indeed, assume (1.4) has been proved. Let ¢ € (1,2]. Denote
p:=q/(qg—1) € [2,00). We have

S hellg = ST e = (3 1, > DRy

IeA IeA IeA IeA
<UD U hallgl Y 1179 Vhr .
IeA IeA

Using (1.4) we continue

<Y MR lg(ogm)H/2=H/PE=D Y T 1| a=Dp|5) P

IeA IeA
= > 1117 hylg(log m)H/2=H/PHA=D (N = | ~eat ) L/p,
IecA IeA

This implies the lower estimate in (1.5).
It remains to prove the upper estimate in (1.4). We will carry out the proof by
induction. First, consider the univariate case. We have

oM Rl = e
I I

and by (2.3)
1 1 s
IS bl < [ D = [ 2
I 0 7 0 =1
with some ny <ng <---<ngand E; C [0,1], 7 =1,...,s. By an analog of Lemma

2.3 from [T1] that follows from its proof we continue

<y 22l Ey| = " omi By = (1]t
j=1 j=1 I

We proceed to the multivariate case. Let
Ag = {Id :dJ e A with Jg = Id},

A(Id) = {(Jl, . ..,Jd_1> : (Jl, . --,Jd—l,Id> € A}
9



Using the fact ([T1]) that the univariate Haar basis is a greedy basis for L,([0, 1)),
1 < p < oo, we get by Lemma 2.2

1> Hal ™, (wa)( > [l h (1) - [Tl gy (ma—2)) 1

IdeAd (Jl,...,Jd_l)eA(Id)

< (logm) /2712 N "\ Ty|~*hy, (a) |15
IaeNg

x (]| > | J1| " gy (1) - [Ja—a|" "y (ma—1)][5)-
(Jl,---,del)eA(Id)

By the induction assumption we continue

<<(10gm>(1/2—1/p)p(d—1) Z |||Id|_ah1d(l'd)||£
Ia€Ng

(S AR @I R (@a)E)
(Jl ~~~~~ del)eA(Id)

= (log m)t/2=1/P)pd=1) Z I11]= 5.
IEA

4. WEIGHT-GREEDY BASES

Let ¥ be a basis for X. If inf,, ||¢,,|| > 0 then ¢,(f) — 0 as n — oo, where

F="cnlf)tn.
n=1

Then we can rearrange the coefficients {c,,(f)} in the decreasing way

[eny (D 2 [eny (N = -

and define the mth greedy approximant as

k=1
In the case inf,, |1, || = 0 we define G,,,(f, ¥) by (4.1) for f of the form
(4.2) F=Ycn(fn, [Y]<o0.
ney
Let a weight sequence w = {w,}5%,, w, > 0, be given. For A C N denote

w(A) := >, ca Wn. For a positive real number v > 0 define
oy (f,¥) = inf - b,
G0 1= 3 bl

where A are finite.
10



Definition 4.1. We call a basis ¥ weight-greedy basis (w-greedy basis) if for any
f € X in the case inf, ||¢,]| > 0 or for any f € X of the form (4.2) in the case
inf,, |1,| = 0 we have

If = Gm(f; )| < Caoya,,y (f,9),

where

G (f,9) = > en(f)on,  [An| =m.

neA,

Definition 4.2. We call a basis ¥ weight-democratic basis (w-democratic basis) if
for any finite A, B C N such that w(A) < w(B) we have

1> %all < Coll Y ull-

neA neB

Theorem 4.1. A basis V is w-greedy basis if and only if it is unconditional and
w-democratic.

Proof. 1. We first prove the implication
unconditional + w-democratic = w-greedy.
Let f be any or of the form (4.2) if inf,, ||¢,|| = 0. Consider

G (£, %) =Y calf)eon = Sa(f)-
neq

We take any finite set P C N satisfying w(P) < w(Q). Then our assumption
wy, > 0, n € N implies that either P = @ or @ \ P is nonempty. Denote

op(f, )= inf |If - > bt

nepP

Then by unconditionality of ¥ we have

(4.3) If = Sp(f)ll < Kop(f, V).

This (with P = Q) completes the proof in the case Ta(Q) (f,¥) =0qg(f,¥). Suppose
that O':i(Q)(f, U) < og(f,V). Clearly, we now may consider only those P that
satisfy the following two conditions

w(P) <w(Q) and op(f,V) <og(f,7V).
For P satisfying the above conditions we have @ \ P # (). We estimate

(4.4) If = SNl < IIf - SP1(1f>H + [1SP(f) = Sq (Nl



We have
(4.5) Sp(f) —Sq(f) = Sp\q(f) — So\p(f)-
Similarly to (4.3) we get

(4.6) 1So\p(f)Il < Kop(f, V).

It remains to estimate ||Sp\o(f)|. We have by unconditionality and w-democracy
of ¥

[1SpQ(N)l < 2K nax, eI D
neP\Q
@n  <2KCp min (NIl Y val < 4KCollSo\p(Pl
neQ\P

Combining (4.3)—(4.7) we complete the proof of part I.

Remark 4.1. Suppose ¥ instead of being w-democratic satisfies the following in-

equality
1> all S K| nll

neA neB

for all A, B C N, w(A) <w(B) < N. Then the above proof gives

If = Gm(f; )| < CK(w(@)) oy (f, V).

II. We now prove the implication

w-greedy = unconditional + w-democratic.
ITa. We begin with the following one

w-greedy =  unconditional.

We will prove a little stronger statement.

Lemma 4.1. Let ¥ be a basis such that for any f of the form (4.2) we have

||f_Gm(f7 \IJ)H < CUA(fa \11)7

where

G 0) = 3 eulf ).

nei

Then W is unconditional.

Proof. 1t is clear that it is sufficient to prove that there exists a constant Cy such
that for any finite A and any f of the form (4.2) we have

[1SA(HI < Coll 1
12



Let f and A be given and A C [1, M]. Consider
far =S (f)-

Then || far]] < Cgl f]|. We take a b > maxj<n<ar | (f)| and define a new function

9= far = Salfar) 0 .

neA

Then
Gm(g,0)=bY b, m:=|A|,

nei

and
oalg,¥) < || far]]-

Thus by the assumption
1far = Salfa)l = [lg — Gml(g, )| < Conlg, ¥) < Cf ful-

Therefore,

ISA(OI = 1Sa(fan)ll < Coll F1I-

IIb. It remains to prove the implication
w-greedy = w-democratic.
First, let A, B C N, w(A) < w(B), be such that AN B = (). Consider

Fr=d ta+(1+0> ¢ €>0.

ncA neB
Then
G (f,¥) =(1+€) > tn, m:=|B],
neB
and

calF 0 < IS dall(1+ ).

neB

Therefore, by the w-greedy assumption we get
1Y wall <CA+e Y nll-
neA neB

Let now A, B be arbitrary finite, w(A) < w(B). Then using unconditionality of ¥
that has already been proven in Ila and the above part of IIb we obtain

IDwnll <UD wall+ 1 Y all

ncA neA\B n€ANB
<CI Y- all + K1Y wall SCill D #hull:
neB\A neb neB

This completes the proof of Theorem 4.1.
13
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