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“COMPACTLY” SUPPORTED FRAMES FOR SPACES OF
DISTRIBUTIONS ON THE BALL

GEORGE KYRIAZIS AND PENCHO PETRUSHEV

ABSTRACT. Frames are constructed on the unit ball B¢ in R% consisting of
smooth functions with small shrinking supports. The new frames are designed
so that they can be used for decomposition of weighted Triebel Lizorkin and
Besov spaces on BY with weight wy(z) = (1 — |:1:\2)“*1/27 w half integer,
n=>0.

1. INTRODUCTION

Bases and frames for spaces of functions or distributions are valuable for various
theoretical and practical reasons. In this article we focus on the problem for con-
struction of multiscale frames on the unit ball B¢ in R? consisting of C* functions
with small supports which shrink at higher scales. More precisely, our purpose is to
construct a frame of the form {0¢}ecx, where X = U;X; is a multilevel index set
(X; C BY), and each jth level frame element 6¢ (¢ € &;) is supported on B(€,c277)
the ball centered at & € B? of radius ¢277 with respect to the distance

(1.1) d(z,y) := arccos {(z,y> /1o 2Py \y|2} on B

Here (-, -) and || are the Euclidean inner product and norm on R?, and hence this is
just the geodesic distance between the lifted images of z,y € B¢ to the upper unit
hemisphere in R**!. In fact, the set &X; consisting of the “centers” of the jth level
frame elements will be a c2~7-net on B%. The frame {f¢}¢cx to be constructed is
reminiscent of compactly supported wavelets on R.

The quality of this tool will be guaranteed by the fact that, as will be shown,
{0¢}ecx can be used for decomposition of weighted Triebel Lizorkin and Besov
spaces on B¢ with weight

(1.2) wp(x) = (1= a2,

where p > 0 is a half integer (2u is integer).

The construction of {f¢}ccx will rely on the general scheme for construction of
frames from [3] and the frames (called needlets) for weighted Triebel Lizorkin and
Besov spaces on BY developed in [4, 7]. The overall undertaking hinges on weighted
orthogonal polynomials on the ball and related techniques. The gist of our method
is in connecting orthogonal polynomials on the ball to the trigonometric system
through (i) representation of the orthogonal polynomial projectors by Gegenbauer
polynomials (see (2.1)) and (ii) the connection of Gegenbauer polynomials with the
trigonometric system via the Dirichlet-Mehler formula (see Lemma 3.4 and (4.5)).

Date: July 11, 2010.
The second author has been supported by NSF grant DMS-0709046.
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2 GEORGE KYRIAZIS AND PENCHO PETRUSHEV

Observe that a similar construction of frames on the sphere has already been
developed in [3]. The inhomogeneity of the current setting on the ball, however,
requires more sophisticated tools and techniques than in the case of the sphere.
It is an open problem to establish the results of this article in the case when 2u is
not integer.

The paper is organized as follows: In §2 we give all needed prerequisites, which
include (i) the weighted Triebel Lizorkin and Besov spaces and frames (needlets) on
B? developed in [7, 4] and (ii) a description of the general method for construction
of frames from [3]. In §3 we present the construction of the new frames with small
supports and our main results. Section 4 is an appendix, where we give the proofs
of some results from §3.

Some useful notation: LP = LP(w,,) will stand for the weighted space LP(B%,w,,).
We shall denote by B(&,7) the ball centered at ¢ € BY of radius r > 0 with respect to
the distance d(-,-) in (1.1), i.e. B(¢,7) = {x € B4 :d(x,&) < r}. For a measurable
set E C B we shall denote |E| := [,wy(z)dz, 1p will be the characteristic

function of E, and 1 := |E|~'/21p. Positive constants will be denoted by ¢, ¢,
ca, ... and they will be allowed to vary at every occurrence; a ~ b will mean
c1 <b/a < ea.

2. BACKGROUND MATERIAL

In this section we summarize the main results on weighted Triebel Lizorkin and
Besov spaces on B? and frames (needlets) from [7, 4] and review the general method
for construction of frames from [3].

2.1. Weighted Triebel Lizorkin and Besov spaces on B%. We let II,, denote
the space of all algebraic polynomials of degree n in d variables and let V,, be
the subspace consisting of all polynomials in II,, which are orthogonal to lower
degree polynomials in L?(w,). It is shown in [9] that the orthogonal projector
Proj, : L*(w,) — V,, can be written as

(2.1) (Proj, o) = [ £GP v ()i,
where for 1 > 0 the kernel P, (x,y) has the representation
(2.2)
_1 A [t
P (x,y) = bhby 2 ni / o) ((x,y) +uy/1 — |z]2y/1 - \y|2) (1 —u®)* Ldu.
-1

Here C} is the n-th degree Gegenbauer polynomial, \ := u+ %, and the constants
b4, by % are defined by (b))~' := [5.(1 — |2|?)7"1/2dz. For a representation of
P, (z,y) in the limiting case p = 0, see (4.2) in [7].

It is straightforward to see that [7, Lemma 5.3] for r < ¢, £ € B4,

(2.3) |B(&, )| = /B(g )wu(x) dr ~ 1 + /1 — |€]2)% ~ r(r + d(&,0B%))?H,

where 9B? is the boundary of B?, i.e. the unit sphere in R%.
Weighted Triebel-Lizorkin (F-spaces) and Besov spaces (B-spaces) on B¢ are
naturally defined via orthogonal polynomial decompositions [4]. To be specific, we
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let D denote the set of test functions on B? consisting of all C> complex valued
functions on B? such that

(2.4) ¢llwe = > 10%¢]l~ < oo for k=0,1,....
la|<k
The topology in D is defined by these norms and as is shown in [4] it can be

equivalently defined by the semi-norms

(2.5) Ni(¢) := sup (n+ 1)¥|| Proj, ¢|lz2, k=0,1,....

The space D' = D'(B?) of distributions on B is defined as the set of all continuous
linear functionals on D. The pairing of f € D’ and ¢ € D will be denoted by
(f, o) = f (¢) and as is shown in [4] it is consistent with the inner product (f, g) :=
Jga f(@)g(x)w,(2)d in L (w),).
If f E D’ and ® : BY x B? — C is such that ®(z,-) € D for all x € B?, then we
let (®x* f)(x) := (f, ®(x,-)), where on the right f acts on ®(z,y) as a function of y.
Let

Oo(z,y) == Po(x,y) and &,(z,y) = Zd(

v=0

v
271

)PV(xay)v .]Zla

where P,(+,-) is from (2.2) and 4 satisfies the conditions
(i) ae€C>[0,00), suppa C[1/2,2],

(2:6) (@) |a(t) > c>0 ifte[3/5,5/3),

Definition 2.1. Let s,p e R, 0 < p < 00, 0 < g < 00. The Tribel-Lizorkin space
FJ¢ is defined as the set of all f € D' such that

< 00,
Lr

(2.7) [ fllpse == H <i(2(8p)j|3(,’ ij)‘fp/d‘q)j . f()|)q) l/q’
3=0

Definition 2.2. Let s,p € R, 0 < p,q < oo. The Besov space B,l} is defined as the
set of all f € D' such that

28) [ fllsz = (i (20 B, 270) 7@ + f(-)HILp)q)l/q-

Jj=0

There is a change of notation in the above definitions compared to [4], which we
think makes them more transparent, namely, in [4] the quantities |B(+,277)| above

are replaced by 2799, (27; ), where W, ( (\/1 —|z[2 42~ J) . By (2.3),

however, |B(-,279)| ~ 2799W,(27; ) and hence these are equivalent norms.

Note that as shown in [4] the above definitions of Triebel-Lizorkin and Besov
spaces are independent of the choice of & provided conditions (2.6) are satisfied.

Two types of weighted Triebel-Lizorkin and Besov spaces are of main interest:
Fp“g , B;g and Fj, Bjo. For instance, as is shown in [4] Besov spaces of the form
B?3 are the natural bpaces associated with nonlinear n-term approximation from
localized frames (needlets) in LP(w,), while the approximation spaces of linear
approximation from algebraic polynomials in L?(w,,) are of the form B;g. The forth
parameter p above was introduced in [4] in order to unify these spaces and handle

them simultaneously. We refer the reader to [4] for more details on the subject.



4 GEORGE KYRIAZIS AND PENCHO PETRUSHEV

2.2. Frames (needlets) on B<. In this part we describe the construction of
frames in [4], called needlets. These are smooth well localized but global func-
tions on BY. We shall defer from [4] in two ways: (i) We shall deal here with a
single frame, which is a particular case of the construction in [4] where pairs of
dual frames are used, and (ii) In the definition of the frame here there will be an
insignificant shift in the indices. Let a satisfy the conditions

(7) a € C®[0,00), a>0, suppa C[1/2,2],
(2.9) (1) a(t)>ec>0, iftel3/55/3],
(iid)  a*(t) +a%(2t) =1, ifte[1/2,1]
and hence,
(2.10) f: a%(279t) t€[1,00).
7=0

Choose jo > —1 so that 290 < X\ < 2/0+1 (Recall that \ := u + % >1/2 and X is
half integer.) We define the kernels {U,} by

> v+ A
(2.11) U=y (555 )P 2.

where in the case A = 1/2 we set ¥, := Fy. From (2.10)-(2.11) it follows that for
any f €D’

(2.12) F=) W xU;xf inD.

J=jo
This identity also holds in LP(w,,) if f € LP(w,), 1 < p < co. It is reminiscent of
the classical Calderon reproducing formula on R? and is further descritized in [4]
(see also [7]) by using appropriate cubature formulas. In particular, as is shown in
[7] there exists a set X; C BY and weights {\¢ }ecx, such that the cubature formula

(2.13) /f zywy(z)dr ~ > A f(€)

£eX;

is exact for all polynomials of degree < 29%2 in d variables. Furthermore, there is
a disjoint partition {R¢}eex, of B? (Ugex, Re = B?) such that R is “centered” at
& and the points in &X; are almost uniformly distributed, i.e. there exist constants
c*,c® > 0 such that

(2.14) B(&,c¢*279) C Re € B(§,c°277), €€ A
In addition,
(2.15) Ae ~[B(E,277)], geX

with constants of equivalence depending only on p and d.
The jth level needlets are defined by

(2.16) ve(x) == NP6, 2), €€,
and the entire needlet system by
(2.17) U= {’L/Jg}gex, where X := U;OJOX'.
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Here equal points from different levels X; are regarded as distinct points of the
index set X.

The discretization of (2.12) by using cubature formulas (2.13) entails the follow-
ing representation result: For any f € D’

(2.18) =Y (fve)e in D

fex

Also, it is easy to show [7] that W is a tight frame for L?(w),), i.e. for f € L*(w,)

(219)  f=) (fvove W Lw) and |z, = (S ve))lle)-

fex

We next define the sequence spaces f,

and B,f, respectively.

# and by associated with the spaces FJ7

Definition 2.3. Suppose s,p € R, 0 < p < 00, and 0 < q < oco. Then [yl is
defined as the space of all complex-valued sequences h := {he}ecx such that

oo

, , ~ 1/q
— - —j\|—p/d
(220)  hllgzg = | (20 20779 3 (hellB&, 27) [/ Trc () |, <00
J=jo feXx;
with the usual modification for ¢ = co. Recall the notation ]~1R5 = |R§|_1/2]lR5 with

Lr, being the characteristic function of Re.

Definition 2.4. Let s,p € R and 0 < p,q < co. Then by is defined as the space
of all complez-valued sequences h := {h¢}ecx such that

b = (i 2(54})3‘(1{2 (|B(£’2—j)|7p/d+1/p71/2‘h£|>17:|Q/P)l/q

J=jo EEX;

2.21) |k

is finite, with the usual modification for p = co or ¢ = co.

The main result in [4] asserts that U is a frame for Triebel-Lizorkin and Besov
spaces on B in the sense of the following theorem.

Theorem 2.5. [4] Let s € R and 0 < p,q < co.
(a) If f € D', then f € FF if and only if ((f,v¢))ecx € fyf. Moreover, if
f € FsP then

pq’

(2.22) F=Y (L vebe and |fllegg ~ (vl

sp
Prq
fex

(b) If f € D', then f € Byl if and only if ((f,v¢))ecx € bys. Moreover, if
[ € Byf, then

(2.23) =Y (five)ve and |f]

fex

By ~ 1({f, %))l

sp,
Bpg

The convergence in (2.22) and (2.23) is unconditional in F,P and B,!, respectively.
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2.3. General scheme for construction of frames. Here we describe the method
for construction of frames developed in [3]. Assume that H is a separable complex
Hilbert space (of functions) and S C H is a linear subspace (of test functions)
furnished with a locally convex topology induced by a sequence of norms or semi-
norms. Let &’ be the dual of S consisting of all continuous linear functionals on S
and assume that H C §’.

Assume further that L C &’ with norm || - || is a quasi-Banach space of distri-
butions, which is continuously embedded in &', § € HN L and S is dense in H
and L.

We also assume that £(X') with norm || - ||¢(x) is an associated to L quasi-Banach
space of complex-valued sequences with domain a countable index set X'. Coupled
with a frame ¥ the sequence space ¢(X) will be used for characterization of the
space L. In addition to being a quasi-norm we assume that || - [|,x) obeys the
conditions:

(i) For any sequence (hy)ecx € £(X) one has [[(he)lloxy = [[(|he])lex) and
Ihel < ellhllga) for € € .

(ii) If the sequences (he)ecx, (9¢)ecx € €(X) and |he| < |ge| for £ € X, then
I (he)llecxy < ell (g6 -

(iii) Compactly supported sequences are dense in £(X).

The existing (old) frame. Our next assumption is that ¥ := {¢p¢}ecx C S,
where X is a countable index set, is a frame for H, that is, for any f € H

(224)  f=) (feve mH and [|fllg ~ [((f 0.
tex
More importantly, we assume that W is a frame for L in the following sense:
Al. For any fe L
(2.25) f=Y (fveve i L.
gex
A2. For any f € L, ((f,v¢))e € £(X), and

(2.26) allflle < de)llexy < eall fllz-

The goal is by “small perturbation” of the elements of the existing frame ¥ to
construct a new system © := {0 : £ € X'} with some prescribed features, which is
a frame for L in the following sense:

Definition 2.6. We say that © := {6; : £ € X} C H is a frame for the space L
with associated sequence space L(X) if the following conditions are obeyed:
B1. There exist constants ci,co > 0 such that

(2:27) alflle < If 0 lecxy < e2llflln for f e L,
where (f,0¢) is defined by (f,0¢) == Znex (f, ) (Wn, be).
B2. The frame operator S : L — L defined by
Sf=7_ (f.0¢)0
fex
is bounded and invertible on L; S™' is also bounded on L and

STF=) (f.5'0:)S "0 in L.

fex
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B3. There exist constants c3,cq4 > 0 such that
(2.28) sl fll < NI ST 0N ey < call fll for feL,

where as above by definition (f,S710¢) := ZneX (fy ) (hy, ST10).
B4. Forany f €L

(2.29) F=> (£,57"0:)0c =Y (f.0e)S7 0 in L.

gex cex

Above “in H” or “in L” means that the convergence is unconditional in H or
in L.

Construction of a new frame. The key idea of the method from [3] for
constructing a new frame © := {6 : £ € X'} for L (as described above) is to build
{0} with appropriate localization and approximation properties with respect to
the given tight frame W. The localization of © is measured in terms of the size of
the inner products (¢, ¥y), (0, ¥e), (Ve,0,). More precisely, we construct {f¢} so
that the operators with matrices

A = (agn)enex, agn = (¥y, ),
(2.30) B = (be,y)enexs ben = (O, Ye),
C = (cen)emens e = (Pn, O¢),

are bounded on ¢?(X) and £(X). The approximation property of © is measured
in terms of the size of the inner products (¢, e — 0¢), (¢, — 6y, 1¢). Namely, we
construct {6¢} so that the operators with matrices

D = (dg,n)g,ne?h d§ 77 <77[J"77w§ >

(2.31
) E := (eg,n)g,ne/’h €¢m = <"/)77 - 9777'(/}5%

are bounded on £2(X) and ¢(X) and for a sufficiently small € > 0

(2.32) IDllee(xy—ezxy <65 Ellee(ay—erx) <6,
(2.33) IDllecxy—exy <& [E[gay—ex) < e

Notice that C = B* the adjoint of B and E = D*.
We shall utilize the following results from [3].

Theorem 2.7. Let ¥ := {¢¢ : { € X} C S be a frame for H and L as described
above. Suppose the system © = {0 : £ € X} C H is constructed so that the
operators with matrices A, B, C, D, E from (2.30)-(2.31) are bounded on ¢(X)
and C, D are bounded on (*(X) as well. Then if for a sufficiently small € > 0 the
matrices D, E obey (2.32)-(2.33), the sequence © is a frame for L in the sense of
Definition 2.6.

Most importantly, if f € S', then f € L if and only if ((f,S7160¢)) € £(X), and
for feL

(2.34) F=) (f,571000c in L and |IflL ~[((f, 57 0e)) ey

fex
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3. NEW FRAME WITH ELEMENTS OF SMALL SHRINKING SUPPORTS ON B¢

In this section we present our construction of the desired new frame on the ball
and show that the new frame can be used for decomposition of weighted Triebel
Lizorkin and Besov spaces on B%. For convenience we shall divide the proof of our
main result into several parts.

3.1. Construction of the new frame. To construct our new frame with elements
of small support on B¢ will utilize the results form §2.3, where H := L?(B%); S := D
and 8" := D’ are the classes of test functions and distributions from §2.1, L := F?
or L := B3P the '— or B— spaces from §2.1. The role of of the old frame will be

pg
played by the needlet frame W described in §2.2 and the sequence space £(X) := f,?
or {(X) :=byh, the f— or b— spaces from §2.1. It is readily seen that these spaces

and the frame W satisfy all the requirements from §2.3.

As suggested by Theorem 2.7 the new frame © := {6 }¢cx should be constructed
to be well “localized” and sufficiently “close” to the needlet system V.

Combining (2.16) with (2.11) shows that the needlets {1¢} have the representa-
tion

A
ve@) = NS a(L2) Bl n). €€ X j> o,

where @ is from (2.9). Denote again by a the even extension of a to R, i.e. a(—t) =
a(t). We shall use the following definition of the Fourier transform f of a function
f onR: f(f) = fR f(y)e~%¥dy. Then the inverse Fourier transform a of a is real
valued, even, and belongs to the Schwartz class S of rapidly decaying C'*° functions
on R.

Recall our assumption that u > 0 and 2 € Ny.

We shall construct the new frame © of the form © := {f¢}ccx, where X :=
{X;};>j, is the index set of the needlet system ¥ and suppfs C B(&,c277). We
proceed in two steps:

Step 1: Given M > 1, an integer N > 1, and £ > 0, we construct g € C*°(R)
so that ¢ is even and obeys the following conditions:

(1) suppg C [-R, R] for some R > 0,

(3.1) (@) e @) — g () <e(@+|t)™™ for0<r<N4+2u+d—1,

(441) /tTg(t)dtzo for0<r<N4+2p+d-2.
R

Note that the Fourier transform § of g is even and belongs to §. A function g of
this sort has already been constructed and used for the development of frames on
the sphere in [3]. For the reader’s convenience we sketch the somewhat simplified
construction of g in comparison with [3] in the appendix.

Step 2: For any £ € X (j > jo) we define ¢ by

oo

(32) (o) = 02D o (VIR Pt

and set O¢ := 1 if £ € Xj,. Then © := {f¢}¢cx is our new system on B

With the next theorem we show that for appropriately selected parameters M,
N, and ¢ the new system © has the claimed support property and is a frame for
the F- and B- spaces.
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In the following we shall use the notation J := (d+ 2u)/ min{1, p, ¢} in the case
of F-spaces and J := (d 4+ 2u)/ min{1, p} for B-spaces.

Theorem 3.1. Suppose 1 € 2Ny, s € R, 0 < p,q < 0o and let © := {O¢}ecr be
the system constructed above, where

M>J+2ulp/d+1/2] and N >max{s,J —d—s,1}+ (4du+ 2d)|p/d+ 1/2|.

Then for a sufficiently small € > 0 the system © is a frame for the spaces L*(B?),
FyP, and Bpf in the sense of Definition 2.6 with the above selection of the spaces
H, L, {(X). In particular, we have

(a) The operator

(3.3) Sfi="> ([, 0¢)0e,
fex

where (f, 0§> = 2 yex (Fr ) (W, be), is bounded and invertible on L*(BY), Fgp,
B2P, and S~ is also bounded on L*(B?), F3¢, B*, and

Pq’ pq’ T pq’
(3.4) ST = (f,5710e)S b
fex
(b) If f € D', then f € F¢ if and only if ({f, S~16¢)) € € fpr, and for f € Fjr
(3.5) F= (£,5"0)0¢ and | fllrze ~ ((f,57"06))
fex
(c) If f € D', then f € Byy if and only if ({f, S~10,)) € bya, and for f € Byl
(3.6) F= (£.5710c)0c and |flmg ~ I({£,57100))lley;-
fex

The convergence in (3.3)-(3.6) is unconditional in the respective space L?, e, or
Bsb. Above, (b) and (c) also hold with the roles of O and S~'0¢ interchanged.
Moreover, for any & € Xj, j > jo, the frame element 0¢ is supported on the ball

B(&,¢,277) € BY, where ¢, = TR/2 with R > 0 the constant from (3.1).

3.2. Almost diagonal matrices. By Theorem 2.7 it readily follows that the new
system © := {0 : { € X} will be a frame for Fj;? (or B;f) if the operators with
matrices

A= (aen)emexs  agn = (UnYe),
B := (be,n)e e be,y = (0, Ve),
(3.7) C = (cem)emex; Cen = (U, be)
D= (den)enex,  dem = (¥, Y — be),
E = (e¢n)emex, €en = by — b, ¢),
are bounded on f# (or b)), and ||D||ssr e < €, |El/szrfzr < € (or we have

IDlpsr—psr < &, [|El[pse—pse < €) for sufficiently small e.
In analogy with the classical case on R™ (see [2]), we shall show the boundedness
of the above operators by using the machinery of the almost diagonal operators.
To avoid complicated indices we shall use the notation

(3.8) r(€) =277 if (€A,
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i.e. r(¢) is the radius of B(£,277), and
(3.9) Be = B(£,277) if £€ X

Definition 3.2. Let A be a linear operator acting on sequences of the form {he}ecx
with associated matric (ag,)e nex. We say that A is almost diagonal if there exists
0 > 0 such that

sup |agy|

< 0
emex ws(&,m) ’

where

ws(&m) = (ﬂ)s_p_m(:ﬁjy/dﬂﬂ(”m{i(é%)_g_é

% min{ (:Ei;)(dﬂi)/?’ <:Eg>(d+5)/2+jd}’

with J := (d + 2u)/ min{1,p,q} for fyf and J := (d + 2u)/min{1,p} for byf.
We shall show that the almost diagonal operators are bounded on f7¢ and b;f.

More precisely, with the notation

|agy|
3.10 Alls := sup ————
(8.10) 1A emex ws(€,n)

the following result holds:

Theorem 3.3. Suppose s € R, 0 < ¢ < 00, and 0 < p < 00 (0 < p < o0 in the
case of b-spaces) and let ||Alls < oo (in the sense of Definition 3.2) for some § > 0.
Then there erxists a constant ¢ > 0 such that for any sequence h := {h¢}eex € foy

(3.11) AR g50 < cl|Alls]|A]l 22,
and for any sequence h := {h¢}eex € by
(3.12) ARz < cllAllsl[hlbz-

For the proof of this theorem we shall use the idea of the proof of Theorem 3.3
in [2]. We give it in the appendix.

3.3. Estimation of supp 0 and localization of kernels. We shall have to deal
with kernels of the form

(3.13) Ap(z,y) = Z&(V:)\)Py(x,y),

v>0

where the function o has a certain decay and smoothness properties. The explicit
representation of P, (z,y) in (2.2) leads to

1 1
(3.14)  Ap(x,y) =04y 2 / Qn((2,y) +uy/1—[2[2V/1 = [y2) (1 — u?)*~ ' du,
-1
where

(3.15) On(2) ;:Z&(”:A)”ycﬁ(m).
v>0
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Lemma 3.4. Let 2u € Ng and A = p + %. Then for any even function o € S

the kernel Q,, from above has the representation

(3.16)  Qn(cosa) = ¢(sin 04)1_2)‘/ (cosa — cos ) 1K, (¢)dp, 0 < a<m,

where
(3.17) Ko(a) = (w/2)nZ(—1)V<2M+d*1>s(%)a(n(a +210))
veEZ
with
et 5t zsin Am,  2up+d even
o 2y 2 - )
(3.18) S(z) = 111 (=22 = (A=1)") x { cos A, 9+ d odd

and ¢ > 0 depends only on d and p.

This key lemma is quite similar to Proposition 3.2 in [5] and Lemma 3.11 in [3].
For the reader’s convenience we give its proof in the appendix.

We next use the above lemma to establish localization estimates, first, for @,
from (3.15) and, second, for the kernels A,, from (3.13).

Lemma 3.5. If o € S (the Schwartz class) is even and

(3.19) g<m>(t)|g(1+At|)M teR, 0<m<2u+d—1,

for some constants M > 1 and A > 0, then

(3.20) |Qu(cosa)| < m 0<a<n,

and

(321)  |A,( c24 , a,ye€B

z,y)| <
VIB(a,n DV/IB(y,n=HI(1 +nd(z,y))M
Here c1,c5 > 0 depend only on M, u, and d.

Proof. Representation (3.17) and the fact that S(z) from (3.18) is a polynomial of
degree 21 + d — 1 readily imply

2p+d—1 Ap2ntd
| K ()] < cAnZ - e
ez

(1+n|a+2rv)M — (14 na)M’

We use this in (3.16) precisely as in the proof of Lemma 2 in [6] to obtain (3.20).
Finally, we use (3.20) in (3.14) as in the proof of Theorem 4.2 in [7] to obtain (3.21).
We omit the details. g

Lemma 3.6. We have
(3.22) supp ¢ C B(&,nR2777Y) for ¢ € X;, 7> jo.

Proof. Here we shall use the kernels @,, from (3.15) and A,, from (3.13) with o = g,
where g is from the definition of §¢ in (3.2).
Assuming that £ € X;, j > jo, we have by the definition of 6¢ in (3.2) and (2.2)

.l
3:23) 0c(o) =AU [ Q{6+ uy TPV ) (1= )
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and by Lemma 3.4
K
Q2 (cos ) = ¢(sin 04)1*2’\/ (cosa —cos ) 1Ky (9)dp, 0<a <,
[

where
Ko (0) = (r/2)n Y (-1 08 (L) g(9i (o 4 270).
vEZL

By (3.1) we have suppg C [~ R, R] that readily implies supp Ky; C [-R277, R27]
if R279 < 7. Therefore, Qq;(cosa) = 0 if a > R/27. We set t = cos @ and use that
1 — cosa = 2sin?(a/2) < a?/2 to obtain

(3.24) Qoi(t) =0 ifte[-1,1]and 1 — ¢t > R2/2%+1,
Denote briefly ¢ := (x,€) +uv/1 — 221/1 — y2. Then using (??) we get as in [7]
L—t=1— (2,8 ~u/1-2?V/1-¢?

=1 (@) - VI-22VI- 2+ (- w1 -a2/1 -2

>1—(z,8) — V1 —22y/1—y2 =1—cosd(x,&) = 2sin’ d(x?,y) > %d(x,{)z.

From this and (3.24) it follows that Qq; (£) = 0 (with ¢ from above) if d(z,£) > 2.
Consequently, on account of (3.23), f¢(z) = 0 if d(x, &) > mR27971, which proofs
(3.22) in this case. The case when R277 > 7 is trivial. O

3.4. Estimation of inner products. For the proof of our main result - Theo-
rem 3.1 we need to study the localization properties of inner products (Ug, V),
where

(325) Uew) =2 S (IR P 6), V(o) o= 22 o (L2 ) Putam).

For a given function u on R we denote u;(t) := 27u(27t). We start with a well
know lemma:

Lemma 3.7. Suppose the functions u € CN(R) and v € C(R) satisfy the condi-
tions:
A1 A2

Ol —L _ 0o<r<N < —22
lu ()l_(1+|t|)M1, <r<N, ‘U()|_(1+\t|)M2’

and
/trv(t)dtzO for0<r<N -1,
R
where N > 1, My > My > 1, Mo > N +1, and Ay, As > 0. Then for k > j

, 97
, —(k=j)N___~
luj * vg(t)] < cA1As2 AT 2

where ¢ > 0 depends only on My, My, and N.

This lemma is quite similar to Lemma B.1 in [2]. We omit its proof.
We now turn to the estimation of inner products of functions Ug, V,, as above.
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Lemma 3.8. Suppose u,v € S are both even and real valued,

(3.26) [u™(t)] < W and 0™ (t)| < (HA;)]W 0<m< N+2u+d—1,
and

(3.27) / t"u(t)dt = / t"o(t)dt =0, 0<m<N-—1,

where N > 1 and;}>N+l. Jﬂfhenforge)(j and n € Xy

(3.28) (Ue, V)| < cAy Ag2~ IF=3I(N+d/2) (1 gminthogd (e ) ™,

Proof. Because of the symmetry in (3.28) we may assume that k& > j. Since P, (-, ")
is the kernel of the orthogonal projector Proj,, : L? (w,) — V,, we have

/Bd Pm(l',f)Pg@C,’I])wu(IC)dl' = Sm,fpm(g,n)

Using this and the fact that A\¢ ~ |B(&,277)| for £ € X; we obtain for £ € X; and
n e Xy

(Ue, Vi) ~ 1B 22 B, 272 Y a
v=0

V—f—)\)@(V"r}\

57 57 )Pu(f,n)~

It is readily seen that

12<V+)\)@(V+/\) = (uj xvp) (v +A) = (u*vk_j)A(ﬂ>.

27 2k 2J
Evidently,

(wrvp—3) ™ (8) = (™ % v ) (2)
and therefore, by Lemma 3.7,
Ay Ay2—(k=§)N
Nm) ()] < i e
‘(U*Uk_.j) ()|— (1+|t|)M ’

Observe that since u, v are even, then u*v;_; is also even. We now use Lemma 3.5
to obtain

0<m<2u+d-—1.

[Bn 2 |2 270N
|B(n,279)[1/2 (14 27 d(&,n))M
< CA1A22*(k7j)(N+d/2)(1 497 d(g,n))’M,

where in the last inequality we used that |B(n,27%)| < c2=*=D9|B(n,277)|. O

|(Ue, Viy)| < cA1 Az

We shall need the following useful inequality:
Lemma 3.9. For any z,y € B%, j,k >0, and v € R we have
(3.29) |B(z,279)|" < ¢|B(y, 2—’€)|v<1 4 gmin{j,k} d(z, y))Q”MQ\j—kI(4u+d)lvl’
where the constant ¢ > 0 is independent of x,vy, j, k.
Proof. The following simple estimate is established in [7] (see estimate (4.23) in
[7]):
(3.30) W (n;x) < 28W,(n;y)(1 + nd(z,y))*", x,y € BY n>1,
where W, (n;z) := ( 1—1z? —&—n‘l)%. On the other hand, by (2.3) we have
W,.(n;x) ~ n4|B(xz,n~1)|. Using this and (3.30) one routinely derives (3.29). O
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3.5. Completion of the proof of Theorem 3.1. Note that Theorem 3.1 follows
by Theorem 2.7 if the matrices defined in (3.7) are almost diagonal and |D||s < e,
|E||s < ¢ for some ¢ > 0 and sufficiently small .

We shall only prove that ||E||s < e. The proof of |D||s < ¢ is the same. By the
definition of the needlets {t¢} we have

velr) =03 a(E )P n), ge
v=0

and by the definition of §¢ in (3.2) it follows that

Ual) = 0() = N/2 30— ) (Lo Pul), e
v=0

The function a has already been extended as an even function on R in §3.1. Then
by (2.9) it readily follows that there exists a constant A; > 0 such that

@] < A1), 0<r< N+2utd—1, and /fﬂ@ﬁzm r>0.
R

On the other hand, by construction g is even,
a—g)" W) <e(+[th)™, 0<r<N+2u+d—1, and

/ﬂ@—mmﬁzmogrgN_L
R
We now apply Lemma 3.8 with © = a¢ and v = a — g to obtain

i ML e T
[(1 — O, )| < c/hsmm{r(n), o7 } (1 + maX{T(f),T(n)})

We claim that since M > J+2u|p/d+1/2| and N > J —d—s+(4u+2d)|p/d+1/2]
(3.31) el = [{¥y — 0y, Y)| < cArews(€,m)

and hence ||E||s < cAie. However, € is independent of ¢, Ay, M, and N. Therefore,
cAie above can be replaced by e.

For the proof of (3.31) consider the case when r(§) > r(n), i.e. £ € Xj,n € X
and k > j. From Lemma 3.9 we get

|B(¢,277) Pl in{j,k —2plp/d+1/2] o |j—k|(4p+d)|p/d+1/2
> ¢(1 + 2mints: }d(x,y)) 9—li=kl(4p+d)lp/d+1/2|
|B(n,27%)] -
and hence, for sufficiently small § > 0,
leen| < cAre2”PmHTHUR (1L 4 97d (g, )~
Lo 1BE2)] P/A+1/2 o= k|(N+d /2~ (4ptd) | p/d+1/2])

< 1262 1

=° 18<|B(7% 2"“)I) (1 +27d(&, )M —2ule/d+1/2l
S CAlfwé(faU)7

where in the last inequality we used that by assumption M > J + 2ulp/d + 1/2|
and N > J —d—s+ (4p+2d)|p/d + 1/2|.
The proof of (3.31) in the case r(£) < r(n) is the same and will be omit it. O
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4. APPENDIX

4.1. Construction of the function g from §3.1. Here we sketch the construc-
tion of the function g in Step I of the development of the new frame © = {f¢}ecx
in §3.1. The construction will be carried out in two steps.

One first shows that for any ¢ > 0, M > 0, a positive integer N and an even
function h in the Schwartz class S on R there is an even compactly supported
function ¢ € C'*° such that

(4.1) W (1) — oM (1) <e(1+ [th™, teR, r=0,1,...,N.

To this end, choose an even function ¢ € C* such that supp¢ C [—1,1] and
Jz ¢ =1 and define @y, := h * ¢, where ¢y (t) := k¢(kt). Evidently

BO(8) — o0(8) = / 1O (1) — Bt — o)) w(y)dy

It is easy to see that for sufficiently large k& > 0 the function ¢ := ¢, will satisfy
(4.1) with replaced by £/2 on the right and hence for sufficiently large L > 0 the
function (¢ fL y)br(t — y)dy is even, compactly supported, ¢ € C* and ¢
satisfies (4. 1)

The second step uses the result of the first step. Consider the shift operator
Tsf(t) := f(t+0). Then Ajf := (Ts — T_5)°f is the sth centered difference of
fand (ASf)N(E) = (2isind€)®f(€) is its Fourier transform. Choose s := 2N and
0 < § < 1/s, and define the function h from the identity h(£) := ﬁ,

a is from (2.9). Since a(€) = 0 for € € [~1/2,1/2], then h € S and hence h € S.
Further, h and h are even since G and s are even. Moreover, by the construction
a = Ash. Now one uses the result of the first step to construct an even compactly
supported C'* function ¢ which satisfies (4.1) with A from above.

After this preparation, g is defined by g := Ajp. We claim that g has the desired
properties. Indeed, evidently a(™ — g™ = A3(h(") — (")) and by (4.1)

where

a”@)y— g <e2tMa1+1t)™, r=0,1,...,N,
| g

and also
/ £ g(t)dt = / 1 A (t)dt = (—1)3/ P(O)AHTdE =0, =01, .51
R R R
By choosing € and N appropriately this completes the construction.

4.2. Proof of Theorem 3.3. We shall need the maximal operator M; (¢ > 0)
defined by

1/t
(4.2) Muf(w) = sup (; / If(y)|twu(y)dy> . weBl,

where the sup is over all balls (with respect to d(,-)) B C B¢ containing .

By (2.3) it follows that |B(z,2r)| < ¢|B(z,7)| for z € B? and r > 0, which
means that |E| := [, w,(z) dz is a doubling measure on B?. Therefore, the general
theory of maximal operators applies and the Fefferman-Stein vector-valued maximal
inequality holds (see [8]): If 0 < p < 00,0 < ¢ < 00, and 0 < t < min{p, ¢} then for
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any sequence of functions {f,}, on B?

(4.3) H( |M fo ()9 ) /q‘ LS CH(i|fu(')|q>l/q‘

e
We shall need the followmg lemma:

Lemma 4.1. Let 0 < t <1 and M > (d+2u)/t. Then for any sequence of complex
numbers {hy tnex,,, M > jo, we have for x € Re, £ € X,

Z |hn|(1+max{dr((gf’)7?)7“(77>}>M = CmaX{Q(mij)(dHH)/t’l}Mt( Z |h,]|]an)(x).

nE€EXm nNEXm
Proof. Consider the case r(£) > r(n). The proof in the case r(§) < r(n) is similar
and will be omitted. Fix £ € X; (j < m) and set Qo := {n € X, : d(n,&) < °277}
and .
Q, ={ne Xy, : 2" <2d(n,€) <2}, v>1,
where ¢® is the constant from (2.14). For v > 0 we set
B, = B(£,c°27 ™ (1+277F™)).
Evidently R, C B, ifn € Q,.
By (2.3) we have |B(x,r)| ~ r%(r + d(r,0B%)) and by (2.14) |R,| ~ |B(n,2™™)|
for n € X,,. Observe also that
d(§,0B%) < d(&,n) + d(n,dB?) < ¢°277 +d(n,dB"), n€ Q.
Using the above we get for n € €,
By ( 27" (1 + 2794 +d(€, 9BY) \ 2 .
4.4 < pw—itm)d ( ) < v—itm)(d+2p).
4 R, 2=+ d(n, 0BY) =c
Since 0 < ¢t < 1 we have
Z|h|1+2]d£n <Z2VNIZ|}L‘<ZQVM Z|h|l/t
NEXm, v>0 neQ, v>0 neQ,
We now use this and (4.4) to obtain for z € R

D gl = / (Z |hn|Rn|_1/t]lR7,(y)>twu(y) dy

ned, neQ,

- (Z & "'(:?:)WHRAZJ))twu(y)dy

< aW—itm)(d+2p) |B | (Z || LR, (y ) w,(y) dy
B? neQ,

< cg(u—j+m)(d+2/t) [Mt( Z |hn|]lR”)(CL‘)}t.

NEXm
Therefore, since M > (d + 2u)/t we get for x € Ry
j -M —v v—j+m
Z ‘hn|(1 +2jd(£7n)) < ZCQ Mo(v—j+ )(d+2l~b)/tMt( Z |hn|]1Rn)(x)

NEXm, v>0 NEXm

< cg(m—j)(d+2u)/tMt( Z |hn|]lR,,)($)7
nNEXm
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which completes the proof. O

We now proceed with the proof of estimate (3.11). The proof of (3.12) is similar
and will be omitted. Let A be an almost diagonal operator on f;7 in the sense of
Definition 3.2 with associated matrix (ag,)¢nex and let b € f3#. Then we have
(Ah)e = Zne v Genhy, where the series converges absolutely (see proof below).
Using this in the definition of f;7, we have

1/q
lAhl g = || (D2 € Bl (ARl TR ()])) |
EEX
—(s=p) —p/d 1 a\'/4
SCH(ZW) [Bel /43 Jagy i (1]7) | < e(51+32),
{ex nex
where

- 1/q
Sei= (OB Y lagllglTre()])") [ and
fex r(m<r(§)
—s+ —p/d -1 q 1/q
o= (OB Y laegllhalTrc()]") -
fex r(n)>r(§)

To estimate ¥; we shall use that [|A|ls < oo. Thus whenever r(n) < r(§)

s () () )

Set A¢ := ()75 |Be|7#/4=1/21p, (-) and choose 0 < t < min{l,p,q} so that
J + 3 — (d+2p)/t) > 0. Then we have

)/}/d+1/2

an<l(SL T Ga) ™ (o

g€ex  r(n)<r(§)
(14 LS T ]

r(§)
:CH< S {Z P-m)(T—stord) 3 <|§5|

)P/d+1/2
§>j0 E€X;  m>j NEXm |By]

Lp

Q=

x [yl (1+27d(¢,m) 7" 2e()])

e
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We now apply Lemma 4.1 and the maximal inequality (4.3) to obtain

HAH H(Z Z [ZQ(J m) (T —s+p+ 3 —(d+2u)/t)
5

j>jo EEX; m>j

p/d+1/2 .
% Mt( > <§i|> Ihnlan)(.),\g(.)]q)q .
NEXm
c <Z [Z?Uim)(JjL (d+2p) /1)) Z |h |>\ :|q)é
j>jo m>j e
< (X (S 1na)')’ |, = il
j>jo cex;

To estimate Yo we again use that |A|ls < co. Then if r(n) > r(€) we have

S— +5/2 /d+1/2 _ 75
joeal <l () ()T (1 e
n

r(n) r(n)
Therefore, setting again A\¢ := r(f)_s+p|B§|_p/d_1/2]lR€(-) we have

r s—p+3 p/d+1/2
R OV IDINC <||§£||)

X r(n)>r(§)
d(¢ i
(1 S0 mio)])
B|>P/d+1/2

= (3 3 [ o > (:B;

J7>Jo 56?{]‘ m<j neEXm

[N

Lr

1

% [yl (1+27a(e,m) 7 2] )

Employing again Lemma 4.1 and the maximal inequality (4.3) we obtain

A< (X X [ amaer

j>jo E€EX; m<j

) Mt< > ('gg)p/dH/QIhn]an))‘f(.)]q);

ez, \|Bal

<o ([ 2eman( 3 min)]"),

JjZ2jo m<j NEX,,

< (3 [ mena]")

J>jo §EX;

e

Lr

The above estimates for X7 and 35 imply (3.11). O

4.3. Proof of Lemma 3.4. We shall need the Dirichlet-Mehler integral represen-
tation of Gegenbauer polynomials [1, p. 177]
22 T(A+ T (v + 2)) /’T cos ((v 4+ A)g — M)

(4.5) Cp(cosa) = Vav!ID(A)(2)) (sin o) 221

de.
(cosa — cos p)1=A v
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This and (3.15) imply that (3.16) holds with

B L vAEMNCHENYF2u+d—2) sin Awsin(v + M), 2u+ d even
K"(a)*za( n ) ! x cos Amcos(v + Na, 2u+ d odd.

v=0

Sincew:(u+)\)(u+2u+d—2)...(u+1) we have

Lp+952 ]
e | N CRR RO I G/ o
and setting
Lut+452 ] .
SR R Pl e

we arrive at

Ko )_iAC/—I—)\)F( ) % sin(v + AN, 2p+d even
) = _Oa n v cos(v + Ao, 2u+d odd.

It is readily seen that that F(—z) = (—1)?#*t9=1F(z) and F has zeros at the points
tA=r),r=1,...,|u+ %j Most importantly, since & is even and because of
the symmetry and zeros of F'

a0 o= To( e BT I
VEL

Set

i+ 5] zsin Am, 2u 4+ d even
Pyp— — 2 — _— 2 N ’
S(z) = H ( Z=(A=r) ) x { COS AT, 2+ d odd

r=1
which is a polynomial of degree 2y + d — 1 (related to F'). Then (4.6) can be
rewritten in the form

Ko(a) = (1/2)5(%) 3 er(” + A) cos(v + Na
VEZ

n
(4.7
d L (V+ A i(v+N)a
05 S
VEZL
Now, set f(rf) ( - ) i€+Ne Tt is easy to see that this is the Fourier transform

of f(y) = ne"™o (n(y + a)). We now invoke the Poisson summation formula:
Y femw) =20y fw)
VEZ VEZ

and put everything together in (4.7) to obtain

(4.8) Ko(a) = (7/2) nS( )26_2”“’)‘ n(a+ 21v)) .

vEZ
This implies (3.17). O
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